Example 1 Solve the recurrence relation a, = Tan—1 — 10a,_2 for n > 2 with ag = 2 and a; = 1 by
characteristic equations.

Solution Let a,, = r". Then, the C.E. is 72 — 7r + 10 = 0. There are two distinguish root 7 = 2 and r = 5.
So, the two basic solution is 2™ and 5. Assume a,, = @12" + a35™. From ag = 2, we have oy +ag = 2.
From a; = 1, we have 2a; + 5as =1 Thus, we can get a; = 3 and ay = —1. So, a,, = 3-2" — 5™,

Example 2 Solve the recurrence relation a, = Ta,—1 — 10a,_2 + 160+ 5 for n > 2 with ag =0 and a1 = 4
by characteristic equations.

Solution Let a, = h, + p,. From previous results, h,, = a12™ + a25". Now, assume p, = an = b. Bring
Pr into the recurrence relation, then we have

(an+b)=7(a(n—1)+b)—10(a(n —2) +b) + 16n + 5.

This is a polynomial equation of n. By comparson the coefficent, we can get a = 4 and b = 54—7. Thus,

57
anp = 12" + axd™ +4n + —.

4
From ag = 0, we have oy + as = —%. From a; = 1, we have 2a; + bag = —%. Thus, we can get

o = —18 and az = 2. So, a, = (—18)2" + 125" + 4n + 5T

Example 3 Solve the recurrence relation a, = Tap—1 — 10a,_2 for n > 2 with a9 = 2 and a1 = 1 by
generating functions.

Solution

oo

o0
G(z) = Z anpx’™ = (Z a,ﬂ:") + a1z + ag
n=0 n=2

= [Z (Tap—1 — 10ap—2) " | + =+ 2
n=2
= Tz (Z an_lac"1> — 1022 (Z an_gx”2> +x+2
n=2 n=2

= 7z (G (x) —ap) — 102°G (x) + = + 2
72G (z) — 102°G (z) — 13z + 2
So, we have G (z) (102? — Tz + 1) = =13z + 2.

Glz) = —1Bzr+2 —13x+ 2
YT 1022 Tz +1 (1-22)(1-52)
_ a n b
o (1-22)  (1-52)
Then, we can solve a = 3 and b = —1.
Ga) = —o0 1 3%(295)” - i(sx)”
- (1—-22) (1-5z) —~ —
= > (3-2"—5") 2",
n=0

Thus, a, =3 -2 — 5™,



Example 4 Solve the recurrence relation a, = ap—1 + 2an,_2 + 2™ for n > 2 with ag = 4 and a1 = 12 by
generating function.

Solution

o0

G(z) = Z anpx”™ = <i a,m”) + a1z + ag
n=0 n=2

= [Z (an—1+42an_2+2") 2" | +1204+4
n=2
= z (Z anlx”_1> + 222 (Z angxn_2> + <Z (233)") +122 44
n=2 n=2 n=2
2
= z(G(x) —ag) + 22°G (x) + T 121 +4
— 2z
= 2G (2) +22°G (x) + 8z + 4
So, we have G (z) (—22? — x4+ 1) = %;#.
—1222 4+ 4 a b c
(=) (1-22)°(1+2z) (1-22)° (1-22) (1+=z)
(= 2b+40)x? + (a—b— 4c)ac—|—(a—|—b—|—c)
(1—-22)°(1+2)
Then, we can solve a = 87 b= 3—98, and ¢ = —g.

G(zx) =

I Il
M /\«:\@
AO

©|

)

Fo3

= =

[N w

3 3

3

@% —

N +
-~

+ 3

ol 107]8

—~

o

I ol =

—= )

\_/: :

~__

&3 N———
Z N
1]
[=)
©O| o

\
—_
S—
3
8
3
~

Thus, a, = 5 (n+1)2" + 3827 + 8 (—1)".



