iLower bound for circuits with MOD,, gate

- [Razborov '87; Smolensky '87]
1 if Zn:xn =0 (mod p)
i=1

0 otherwise

MOD ,(x;,%;,...,X,) =1

m Result:
p, q. powers of distinct primes
the MOD, function cannot be computed with
{AND, OR, NOT, MOD, } of poly size and
constant depth
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m Theorem: (a special case with p=2 and ¢ =3)
MOD, function cannot be computed with a circuit of

Size %2'5’@, depth 4 by using AND, OR, NOT and
MOD,-gates for sufficiently large »

/AN, v, =, MOD,}

m Let C be a circuit of depth 4 computing MOD,
Approximate C with small degree poly in GF(3)
by replacing each gate in C with an approximate
polynomial
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= (1-y) \

. No error introduced

%w

=, +..+y )

Y1Y2Y3---¥Ym

3

= V)V Y )

YiYaYs. .Y
) ,degree increases
- %\R = (VA rY,) a lot
Y1Y2Y3---¥Ym =1=-(-y)..d-y,))

m /[ : an integer to be determined later
Choose / random subsets /,,...,1, = {1,2,...,m}
with Prliel ]=5 3
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" If OR(y,, ¥y 0,) =0 =V1<i<l (D y,)’ =0

J€l,

If OR(y,, ¥y y,)=1 = Vi Pr[(> y,)" =1]21

o 2%((81 'j + (;” 'j +..)2"

Qv Oy OQy)

Jel Jel JEl;
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m If OR(y,,»,,....,y, ) =0 then the above output 0
If OR(y,,y,,....y,)=1 then Prloutput 11>1-2"

/?\ =1- H(l Qv
deg 21, b

vy, ¥ but introduce some error

ﬁ\ :Hﬂ [2.(1=y)T)

Y, Y, v, by De Morgan S rules
yl A% /\ym yl V..V ym
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, For circuit C of depth ¢ and size s, we obtain a
polynomial P of degree at most (2/)*

each poly agree with the o S
I‘ 2 —_—
corresponding gate of C 2!

m Exp(| {(X)e0r X,) : P(Xpyey X)) = C ()00 X, )} ]) 2 2”(1—%
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m Lemma 1:
C : as defined above
¢ : any positive integer
3 a polynomial P over GF(3) has deg<(2¢)* and

" S
‘{(xl,...,xn) cP(x),..x,) = C(xl,...,xn)}‘ >2"(1 _7



Lemma 2 :

There is no polynomial P(x,,...,x,) over GF(3) of degree
at most /n that is equal to the parity of X,,...,x, fora
set S of at least 0.9-2" distinct binary vectors (x,,...,x,)

proof :

By contradiction, suppose 3 a P over GF(3), s.t.
P(x,,...x)=x,®..@®x forall (x,..,x)eS
deg(P) < \/;

Define O(y,,...,y,)=P(y, +2,...,y, +2)—=2

So P=1->0=-1; P=0—>0=I1(=-2 mod 3)

T={(y,...,yv)e{l,=1}":(y,+2,...,y +2)e S}
Thus deg(Q)<~n, O(y,,....y,) =[] over T
i=1



= Consider an arbitrary function
G(y,,...,y,): T — GF(3), and extend it to a function

from (GF(3))" — GF(3), which is a polynomial.

= Replace each y? with 1 and obtain G, which agree
with G on T.

= Replace each [ [ y,, where [U|>z+ by
ieU

[15 -2, ,,-,) and remove y; to obtain G

igU

which is equal to G on T and deg(G) <2+

SIEE Hy, 11

igU ieU



i #-of-possible G-

" g Tax +eetay, +Zayxzx1+

3

)« 3827 why ?
Go>G—>G

But # of possible G: T'— GF(3):
>392 e

10
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m Corollary :

1

No circuit of depth d and size s < %205@ compute
x, ®x,®---®x_ using NOT, A, v, MOD,-gates

m proof :
Suppose not, let C be such a circuit. Let zzgnﬁ
By Lemma 3.1, 3 a poly. P(x,,...,x,) over GF(3)

whose degree < (2d)? =+/n, which is equal to the

parity of x,,...,x on at least 2"(1- ‘E )>.9-2" inputs
znzd/2

Contradicts Lemma 2
[]

11
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m Open question .
+ What is the lower bound of computing MOD, with
A, Vv, =, MOD, }?
+ What is the computing power of MOD, -gate, when
m IS not prime or prime power?

m Note:

Properties of finite fields do not work in this, since Z
is not a field when m is not a prime power!

12



= Monotone formulas for all threshold functions:
For the majority function

P ) 1, if >2of x'sare 1
Xyeens X, ) = :
1 0, otherwise
Formula size:

Q(n”), best known over {A, v}, {A, v, =}

O(n>°™), over {A, v}, by Valiant, 84,
in J. of algorithm

/-

.

Circuit size:
sorting network: [AksS] (Ajtai, Komlos, Szemeredi)'83 STOC

Depth: O(logn)
Size: O(nlogn)
n: huge constant
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m Theorem :
The monotone formula size of each threshold function

]vkn |S O(n5.271)
]}C”(xl,xz,...,xn)z{

1, ifx+..+x >k
0, otherwise

Construct random formulas level by level:
Level 0: Forsome 0< p<1
choose x, (1< j<n) as a formula with
probability p; 0 with probability 1—np
Level i-1: G's ...
Level i:  F =(G,vG,)A(G,VvG,)
independently chosen from level i-1

size(F) <4
14



= If Pr[F, =T"]>0, then 3 « monotone formula of
size<4' for T”

= It is sufficient to prove that
Vade{0,1})",Pr{F.(a)# T (a)]<2™""

»Prida, F(a)=#T,(a)]
< Y PiF(@)# T (@)]<2" 2" =1

2
ae{0,1}"

" =(G,vG)A (G, v Gy)
f, =max{Pr[F,(a)=1]:T (a) =0} = max Pr[F (a)=1]

ae{0,1}"
" (d)=0
h, = max{Pr[F;(a)=0]:7T (a)=1} = max Pr[F,(a)=0]
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m Lemma:

fi = ]Fiﬁl - 4f:1 + 4fz’%1
h, = —hl.4_1 + 2hl.2_1

proof :

F;: monotone, symmetric
F; has its worst behavior on inputs with exactly
morm-11's

Let @ be an input with m -1 1's
T"(@)=0

G;: (i-1)-th level formula, forj =1, 2, 3, 4

16



Thus fi = PI‘[GJ.(C_i) =1], j=1, 2, 3, 4
Pr[(G,(a) v G,(a)) =1]
=1-(1-f,)) ==/ +2/,
=Pr[(G;(a) v G,(a)) =1]
. Pr[F(a)=1]= (_]Figl T 2fi—1)2
= fifl - 4](:1 T 4](1'31 (< 4ﬁ%1)
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h, = max{Pr[F;(a)=0]:T (a)=1}
h, = _hi4—1 T 2hi2—1 (< 4hi2—1)

Let » be an input with m 1's
T, (b)=1

h.,=PHG (b)=0], j=1,2, 3,4
Pr[(G,(b)v G, (b)) =0]= 1},
b, =Pr{(G,(b)v G,(b)) A(Gy(b) v G,(b)) =0]
=1-(1- hi2—1)2 — _hi4—1 + 2hi2—1
]
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= What f's, 4's decrease!
N fz _fi-1 < Or i-e'fifl _4](:1 +4fl-31 —f,-_1 <0 0<f <1

+ - + - +
\LLLLLLLLUJJJJ/'//\ >
2 2

+ - + -
>
S e eV R ¥
? :—1+\/§
2
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mTake p=2a/2m-1)

Let ¢ have m—1 1's
Jfo=PrlFy(a)=1]=(m-Dp=a-

Let » be an input with m 1's
h, = Pt[F,(b)=0] =1-Pr[F,(h) =1]
=1-mp

a
2m—1

<a-0()

(04

2m—1
We know f, <4f> & h <4h’, from the above lemma
Thus

ﬁ < 4fl%1 < 43 fziz <...< 42i_1 ]Fli < 4_”_1 < 2—n'—1
by tak|ngﬁ_1 <% and n="72 (log n = 1)

=l-a- <l-a-Q()

20



m Let 6 be a small positive number
Thenf =a-6 = f=a-4ad+0(0*)<a-rd

v fo=a—co :>f<a rl <

c_l
SOﬁ <O -— I" .n 16

= (a-L)=<r""=c'+logn=(l-i)-logr
1Ogn+c"=logn+logn+c", :
logr logr logr

41 ~ 4logn+1.6310gn+c" _ O(n5.26)

=[=i+ ~1.63
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m Similarly :
h<4hl <..<47.p <4 <!
by taking #,_. <L and n=2'
v h =l-a-0=h =1-a—-4as+0(5")
<l-a-ro, r<4a
And &, <l-a-<

n

= hj<1—05—r]-
So, h_,<l-a—r""
1 [—i
:>1—0(—E—£-r

n

SHIE G

logn+c,,

=c'+logn=(-i)logr= [=i+
logr

~logn+1.63logn+c"
Thus 4 =0(n>*°)
o Size(F) = 0n>™) ] 22
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m remarks :
The best Lower bound on the formula size of the
majority function (for monotone & {A, v, —} basis)
Q)¢ ——————— — O(n>*)

Can this construction be applied on the other
problems?

23



if is every small, then . =1.---, since 4a =1.---

f <a-4ard+r’s’
=a-1,(4a—-ro)o

24
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