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Binary Search




Two Typical Scenarios

m Given a sequence of numbers a4, a,, ..., a, that are sorted In
non-descending order.

For a given value k the first element > k.

__________________________________________________

- Find the smallest index i such that a; <« k.

- Find the smallest index j such that a; > k. - the first element > k.

1224@6 68 12 113 | 15| 17 | 19 [ =

aq as ag an ] =




Two Typical Scenarios SO

j —i1s the number of
times k appears.

m Given a sequence of numbers a,, ay, ..., a, that a
non-descending order.

For a given value k the first element > k.

___________________________________________________

- Find the smallest index i such that a; <« k.

- Find the smallest index j such that a; > k.« the first element > k.
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The General Scenario

m Given a 0-1 sequence a4, a,, ..., a,, sorted in order,

further assume that a; =0 and a,,,; = 1.

- Find the index i such that a; # a; .1,
l.e., identify the boundary of O and 1.

Ao i An+1

Oj]0O0|0]|O ONOIlll 1111 ]11(1]11]1




Alternative (Equivalent) Scenario

m Given a 0-1 sequence a4, a,, ..., a,, sorted in order,

further assume that a; =0 and a,,,; = 1.

- Find the index i such that a; # a; .1,
l.e., identify the boundary of 1 and O.
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Conversion to the General Scenario

m The first search problem can be converted to
the general form.

- Find the smallest index i such that a; <« k. Fork =6
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Conversion to the General Scenario

m The second search problem can be converted to
the general form, too.

- Find the smallest index j such that a; > k. o b =
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For each element a;, we ask @ the first element that is 1.
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Binary Search on 0-1 Sequence




Problem Scenario

m Letay a,, .., a, be a0-1sequence of interests.

- We further assume that a, =0 and a,,; = 1.

- Find the index i € {0,1, ...,n} such that a; = 0 and a;;; = 1.
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Let ay, a,, ...,a, be a 0-1 sequence. Assume that a, = 0 and a,,,; = 1.

m Giventwo indexes ¥ <r witha, =0and a, = 1,

find the index i € [¢,r — 1] suchthata; = 0 and a;,; = 1.

- Ifr—+~%1s 1, then we're done. o1

ap Qr
- Otherwise, r—¥¢ > 1.

Take mid = [(? + r)/2] and inspect ap;q-
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Let ay, a,, ...,a, be a 0-1 sequence. Assume that a, = 0 and a,,,; = 1.

m Giventwo indexes Y <r witha, =0and a, =1,

find the index i € [£,r — 1] such thata; = 0 and a;,; = 1.

- Take mid := | (£ + r)/2] and inspect ay;q.
m If a,iqg = 0, then the answer is In the right-hand-side.

We have a recursive problem on (mid, r).
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Let a4, a,, ..., a,, be a 0-1 sequence. Assume that a, = 0 and a,,,; = 1.

m Giventwo indexes Y <r witha, =0and a, =1,

find the index i € [£,r — 1] such thata; = 0 and a;,; = 1.

- Take mid := | (£ + r)/2] and inspect ay;q.
m Ifanig = 1, then the answer is In the left-hand-side.

We have a recursive problem on (£, mid).
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m BinarySearch( L,R) - To search the 0-1 sequence ay, ..., ag

A, <L -—1.
r<—R+1.

B. Whiler —+¢ > 1, do the following.
a) mid <« |(£+1)/2].

b) Ifa,y,,isO0, setf « mid.

Otherwise, set r « mid.

C. Report (¢,1).




Correctness of Binary Search

m In step (Ba),
we always have L < mid < R.

- When? <r—1, we have

P < |(L+1)/2] < r.

m The answer to be searched is always contained within [£, ]
In the beginning of the while loop In step (B).




Time Complexity

m The running time of this algorithm can be described by
the following recurrence.

[ 0(1), n <2,
T(n) = A

T(ln/2D) + (1), n>3.

- Solving the recurrence, we obtain T(n) = 0(logn).




m LowerBound( A[1..n],k) - A[1...n] sorted in non-descending order.
Find the smallest i such that A[i] > k

B. Whiler — ¢ > 1, do the following.
a) mid <« |[(£+71)/2].

b) Ifa,;g <k, setf < mid.
Otherwise, set r « mid.

C. Ifr equalsn+ 1, then report “No such element”.
Otherwise, report r.




m UpperBound( A[1..n],k) - A[1...n] sorted in non-descending order.
Find the smallest i such that Ali] > k

B. Whiler — ¢ > 1, do the following.
a) mid <« |[(£+71)/2].

b) Ifk <a,,, setr « mid.
Otherwise, set £ « mid.

C. Ifr equalsn+ 1, then report “No such element”.
Otherwise, report r.




