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Asymptotic Notations




In a Nutshell... S

when n is sufficiently large.

( 0(gn)) exactly
0(g(n)) at most  at the rate of g(n).
Fn) = + Qgm) () grows at least
o(g(n)) strictly slower
than g(n).
L w(g()) strictly faster




The ®-Notation

m For a given function g(n),

define ©(g(n)) to be the set of functions

{ f(n) : there exists positive constants c,, c,,and ny such that

0 <c;-gln) < f(n) <c,-gln) foralln=n,. }

m Intuitively, a function f(n) is contained in ©(g(n))
If there exists ¢4, c, > 0 such that

- the value of f(n) is always between ¢; - g(n) and ¢, - g(n)
when n is sufficiently large.




The ®-Notation

m Intuitively, a function f(n) is contained in 0(g(n))
If there exists c;, c, > 0 such that

- the value of f(n) is always between ¢, - g(n) and ¢, - g(n)
when n is sufficiently large.

m For example,

_ (nZ +n) = @(nZ) | This happens only when f(n) and g(n)
| grow roughly at the same speed

_ (nZ 4+ n) ¢ @(n3) when n is sufficiently large.




Formal Proof
m (n?+n) € 0(n?)
- P|Ck C1 = 1, Cy) = 2, and no = 2.

- Then,
n? < n®4+n < 2n? forall n>n,.

- Hence, (n? +n) € 0(n?).




s (n?+n) ¢ 6(n?) S

- To prove this statement, we need to show that

m There exists no positive constants c4, ¢,, ng such that

c,-n® < nP+n < ¢, -n® forall n > n,.

- This Is equivalent of showing the following.

m For every positive constants cq, ¢y, g,

there always exists some n > n, such that

3

n“+n <cn® or c,-n® < n®+n.




Formal Proof

m (n?+n) ¢ 0(n3)
- Consider the following two cases.

m Foreveryc; <1, we have

3 forall n > —.

n“+n < c¢;'n
€1

m Foreveryc, > 1, we have

n“+n < ¢;-n® forall n > 2.

- Hence, for every c4, ¢c,, ny,
there exists some n > n, such that n® + n < ¢; - n.




Deriving the Contrapositive Statement

m Consider the following statement.

(13

P: “ All of us are potatoes.

m Then,

1]

~(not) P: “ ~(All of us) are potatoes.

Which is equivalent to

~P : “ Oneofus Is ~(potatoes). ”




The ®-Notation

m For a given function g(n),

define ®(g(n)) to be the set of functions
{ f(n) : there exists positive constants c;, c,,and n;y such that

0 <c;-gln) < f(n) <c,-gn) foralln=>n,. }

m \We will write

f(m) =0(gm))
to denote f(n) € @(g(n)).

m This means that f(n) and g(n) are roughly at the same order.




The O-Notation (Big-O)

m For a given function g(n),

define 0(g(n)) to be the set of functions
{ f(n) : there exists positive constants c and n, such that

0 < f(n) <c-gn) foralln=n,. }

m Intuitively, a function f(n) is contained in O(g(n))
If there exists ¢ > 0 such that

- the value of f(n) is always upper-bounded by c- g(n)
when n is sufficiently large.




The O-Notation (Big-O)

m Similarly, we write f(n) = 0(g(n)) if f(n) € 0(g(n)).
m For example,

~ (n?+n) = 0(n?)

~ (n2+n) = 0(n?)

- (n?+n) # 0(nlogn)




The Q-Notation (Big-Omega)

m For a given function g(n),

define Q(g(n)) to be the set of functions
{ f(n) : there exists positive constants c and n, such that

0 <c-gln) < f(n) foralln=>ny. }

m Intuitively, a function f(n) is contained in Q(g(n))
If there exists ¢ > 0 such that

- the value of f(n) is always lower-bounded by c - g(n)
when n is sufficiently large.




The Q-Notation (Big-Omega)

m Similarly, we write f(n) = Q(g(n)) if f(n) € Q(g(n)).
m For example,

= (n2+n) = Q(n?)

- (n*+n) = Q(nlogn)

- (n?2+n) = Q(n?)




Some Simple Facts -

m f(n) =06(g(n))
if and only if f(n) = O(g(n)) and f(n) = Q(g(n)).

m f(n) =0(g(n)) if and only if

. f(n)
nw g(n)

= 0(1).

m (Transitivity)
If f(n) = O(g(n)) and g(n) = O(h(n)), then f(n) = O(h(n)).




The o-Notation (Small-o)

m The notation f(n) = o(g(n)) is used to denote the situation that the
asymptotic growth rate of f(n) is strictly slower than that of g(n).

m For a given function g(n),

define o(g(n)) to be the set of functions
{ f(n) : for every positive constant ¢ > 0,
there always exists a constant n. > 0 such that

0 < f(n)<c-gn) foralln=n,. }




The w-Notation (Small-Omega)

m The notation f(n) = w(g(n)) is used to denote the situation that the
asymptotic growth rate of f(n) is strictly faster than that of g(n).

m For a given function g(n),

define w(g(n)) to be the set of functions
{ f(n) : for every positive constant ¢ > 0,
there always exists a constant n. > 0 such that

0 <c-gln) < f(n) forall n=ny. }

fm =0(g() and fm) = 0(gm)




The o- and w-Notations

m For example,
- (n?+n) = o(n?)
- (n?+n) = wlnlogn)

- (n®?+n) = o(n?)




Some Simple Facts -

m f(n) =o0(gm))
if and only if g(n) = w(f(n)).

m f(n)= o(g(n)) If and only if

lim f(n) =0.

n-oo g(n)

m (Transitivity)
If f(n) = o(g(n)) and g(n) = o(h(n)), then f(n) = o(h(n)).




