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Outline

In a previous lecture time-rfrequency- and z-domain equations

of switched capacit,or circuits have been derived on an intuitive
and aLgebraic manner.

In this Lecture we continue with the computer inpl-ementation

aspects of the z-domain analysis technique in order to compute the

frequency, aliasing and sensitivity properties of switched capacitor
circuirs (S.C.).

The setup, the compaction and the solution of the z-domain equations

are described. The advantages and use of the adjoint switched capa-

citor network are mot,ivated for the conputation of sensitivity charac-

teristics.

After the problem stat,ement (seetion l), the derivation of the most

import,ant equations is given (section 2). The next secLions (3r4r5)

show how these caLculations can be efficiently performed in a com-

puter analyses. Some practical applications demonst,rate the use of
the analysis as inpl-emented in the DIANA-program.
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l. Problem stat,ement.

l. l. Introduetion.

The analysis of switched capacitor networks is, except for triviaL
cases very eomplicated. Even by use of a computer the rather straightfor-
ward time donain nethod of the DIANA program often resuLt,s in rather long

calculation tiues. This motivated the direct computation of frequency,
aliasing and sensitivity properties of general periodical-ly switched capa-

cit,or networks in the DIAl,lA program. Therefore a set of linear equations,
the size of which is proportional to the number of phases (N) and the size
of the network (s) is used. By making full use of the matrix slructure,
a very efficient natrix conpaction algorithn is obtained which is linear
in the number of phases. With the appropriate choises of the righthand
side and the use of the adjoint switched capaci,tor network the number of
linear equations to be sotved'are further minimized.

Because digital filrers are sampled data systems as well as SC filters,
most of the simul-ation tools fbr SC filters can easily be extended towards

digital f ilter simulat,ion.

1,2. SC-circuits.

Itre define SC circuits t,o be arbitrary linear networks containing
ideal switches, capacitors, independant, voltage and charge sources and de-
pendant sources VCVS, QCQS, QCVS and VCQS. The switches are controlled by

BooLean clock variables 0i(t) = O or l. d1(t)=O (resp. $i(t) : l) corres-
ponds to an open (resp. cl-osed) swit,ch at tine t if this switch is driven
by clock i. The time is partitioned into Lime slots Atr=(t1,t1.,11 such

that the clock signals do not vary in 41, ,,". 6i(t) = @it for t € A f..
trrle assume that the clock s.-ignaLs are T-periodic, with N time slots
(calLed N phases) in one period of duration T.

1.3. S.C.-analysis problen.

For the analysis of a SC-circuit in the frequeney domain one or more

input voltage sources are applied i,n certain branches as an excitation to
the network. As a result of the analysis one obtains the voLtage responses

at one or more nodes at a set of puLsationsO = {"1, 02 ... "i} in the
base band [0,r" = 2T lT7 or in higher or lower bands.
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If we apply a sinusoidal voltage excitation in a certain branch j we

normally obtain a steady state voltage response phich is not purel-y sinusoidal.

Therefore we are mainly interestea ir, :tt(ij) (.r), om €J? which is the transfer-
function between a sinusoidal voltage excitation in branch j at c.rr and the

component at the sarqe pulsation in the steady state of the voltage response

at node i. It shouLd include Lhe input-output effects of the continuous

eoupling.

Sinusoidal excitations at om+n6s in the higher bands than the base band

normally have eomponents in the steady state response inside the baseband

at pulsation c..rr. Therefore one is interested in the aliasing term of the

Lransferfunction X(ij) (urrru.,r*n.ars) due to the effect of a sinusoidal voltage

excitation in branch j at pul-sation om*xlcJs on the steady state voltage response

at node i at pulsation cor. This allohrs to setup and check the anti-aliasing
requiremenLs.

In sensitivity analysis the relative transferfunction variation caused

by a relative element variation is examined :

H(ij ) f Jn(ij ) (r')
,,o'o e fL (l)

S (c,rr) A ;Glt Jy

W]nere y can be a capacitor value or an amplification factor of a dependent

source.

The basic equations which solve these problems have been obtained by

(lt and 3' Vandewalle, l98l) and (3' De Man, lgBO) and are presented in a

previous lecture.

2. Derivation of the equations for the computer aided analysis.

Next we sumnarize the expressions obtained in (lor3o Vandewalle, 1981)

in order to sol-ve the problems of frequency domain-, aliasing- and sensitivity

;:::":: we show how rhese calcularions can be efricienrly performed.

2. l. Motivation.

In a previous lecture the tableau matrix approach was used as a general

vehicle for the derivation of the z-domain anal-ysis matrix. This tableau

matrix has the property that it is very gener4l and that aLl network variables

like nodevoltages, branchvoLt,ages and branch charges can be obtained from it.
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As already ment,ioned there, other approaches can be derived fron the
tableau-formulation.

The modified nodal- analysis approach (MNA) by (Ho, 1975) is a natrix
forrnulation that is very well suited for computer implementation because it
can be setup from topological neLwork data. The number of equations is much

smaller than in the tableau matrix and a Little higher than for the nodal
matrix. However it, does not have the drawbacks of difficult processing of
volt,age sources and eharge dependent circuit elements as is the case. in the
nodal matrix. In fact the MNA urethod is used by most modern circuit analysis
programs as e.g. SPICE2 and DIANA.

The MNA -framework of SC-circuits in th-e time domain was introduied by
(3t De Man, l98O). This was done by using the existing circuit anaLysis
program DIANA and putting the tinestep h=l with a backward Euler integration
rule which results in the MNA-tine domain equations for SC-circuits. The use

of one calculation per cl-ockvariat,ion resulted in an efficient timedourain

analys is.

The MNA-fremework has been extended towards the z-domain analysis
(3' Vandewalle, lgBl).

2.2. Exampl-e of the setup of the MNA equations.

In the formulat,ion of the MNA circuit equations, the node voltages
wiLh respect t,o a common datum node (usually the ground node) are taken as

variables It itt each tineslot k. The law of charge conservat,ion is applied
to each node in each timeslot. Branch charges $tr trough voltage sources,
two node switches, VDVrs, QDVfs and QDQts and the controlling branches of
QDQts are t,aken as additional variables, together with the corresponding
branch constitutive reLations which del-iver additional equations. These

additional variables are available as output variabLes or are necessary

e.g. for sensitivity analysis as will be shown Later.

Example : Consider as an exampl-e a first o{der lBw pass filter (Caves, 1977)

with its corresponding clocking sequence shown in fig, l.
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Fig. l. First order low pass fiLter.

The MNA equations are given by :

- Tinesl-ot I :

node I :

node 2 :

node 3 :

branch V

ct

IN: VI I

Qlr = o
cl (v2t-v31)*Q3l = ,-tr, (v22-v32)

-v2t)*c2 v3t -Q:t = ,-lc1(Yrr-Yrr) + z 2 32
-l(v C v3l

V il
branch Sl : Q2l = O

branch 52 : V21-V31 = 0

- Tineslot 2 :

node I
node 2

node 3

branchVly:V1Z=Yiz
branch Sl I YIZ - YZZ = Q

branch 52 r Q32 = 0

Qtz+Q2z=Q
c1(v22-v3il - Qzz = C1(V2t-vsr)

C1(V32-V22) + c2V3z = Ct (Vgt-Vzt) + c2v'

t

t
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The z-donain I"0{A equations can be put together in the two phase

z-domain MNA matrix as foll-ows in (Z) and (Z):.

IAr lr
91 P1

-E ^Z--T

0

Vo

0

V

a9z

I

9r

W.

!r
(2)

-E^

0

o Lz 9z

D^

!z2

2
U^0

2,3. General z-domain MNA equations.

tr'le can define the MNA equations more generall-y in the z-domain

MNA formalism. (3' Vandewalle, lgBl).

Let [g,, y2, y3 ... Jn, Xs+l ...] (resp.,Ig.1,92...] I be the pi6ce-
wise-constant voltage responses at the nodes (resp., voltages sources in
some sd,lected branches). In other words v is the node voltage vector in

t,

4. Also ler [g' g2 ... ] (resp., {Ut, yZ, }) te the charges

transferred in some seLected branches (resp., injected by charge sources

in the nodes). More preeisely g, is Lhe charge vector transferred in these

branches between the end t/ of the time slot A 0 -, and ti*,. Each of these

sequences is partitioned into N different sequences one for each phase and

z-transformed e.g.

Yyk) t?{yo*z*] =F=.yk*r*'-2,k= t, 2' ... N (3)

Then it is proven in (3t Vandewalle, l98l) that the input z-trandforms

E1' !1' k = l, .. . N are reLated to:;the ;output z-transforms Y1, $tr,
k = l, ... N by :
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where the missing entries are zero and where the matrices $1, lt' 9t' lt
and fu characterize the SC network.

The equations (4) contain N bLocksrone for each phase. In each block the

first part consists of node charge equations and the second pprt are thb

constitutive equations of voltage sources, dependent sources and switches.

Let M be the inverse of the matrix in (4) 
'

cal-l it the z'domain transfer

matrix and partition it accordingly inEo

1 Sr 9tz hz
5rz Ln5n Lrr

+-
N

^9n

*
3

(4)

1 lsr* 5u{

_li.- 1ry-

l9zn $z*229zz9zt !zr

kzt

H

1 Szz Lzz I

-t-
15ru l,N

11 (s)

t

Snr

Svr
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-LNt

9NN Bvxl

hqrl .!nn5{ lrz2



The frequency domain transfer functior, tt(ij)(r) is the entry (ij)
^,

of the frequency domain tranefer matrix $(o) which relates the branch vo1-

tage vector !(-) and the node voltage vector f(c) and can be computed from

JTtt*t

Iun
t, ,-t-
t-I}_5 - vo(t,r) l.J[k(*),

2.4. Transferfunction and aliasing expressions derived from the z-domain

transfer matrix.

+

where

lo-

(8)

vk(p) A ,{"in o(to*r-to)/2 exp [jp(rk*r-tt)/2J] / rp (e)

and the matrices 1\g(z) are given in (5) .

Moreover the aliasing matrix is given by

N _SrrrEp+I

H(o)= I v,-(al)e
r\t k=l N

e
N

L
OTj

((
10-

e ))

N

L

lg=

-j0 tk+l j (trl+n ,")a,,*l
N

Xe
9,=I

X(ulrtrl+n o") v. (or)
KI

e &r (eje+rl,^,s)T)

(10)
+

2.5. The adjoint SC network.

Often, as in sensitivity and noise analysis it is useful to analyse

the adjoint SC neEwoxk t (1o Vandewalle, l9B1) instead of the original
network .zfa because the number of conputations can be greatly redueed.

E;g. in the sensitivity analysie of p components (p+l) direct network analyses

ar'e needed whereas in the case of the use of the adjoint network only two ana-

lyses are needed : one for the direct and one for the adjoint network'

Construction of the adjdrint SC network,.F of an SC network rla :

(l) Construct a duplicate ot ,Jf and denote the sources by fi andT

(2) Modify the non-reciprocal elements (eontroLled sources) as foLLows' Inter-

change the control-1-ing and controlled ports. Replace a VCVS by a QCQS and vice

versa. Multiply the controlling coefficient by -1 in the case of a QCQS or VCVS'

lvo(-n o")-vo(to).J .*n[ -tt r,r"to*rl Lto(*)
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(3) Reverse the time dependency of all time-varying elements in one period,
i.e. the new clock signal 7r1 and the switching times Ti satisfy

6rk= ArE, t = N - k + I

tln*k = t.0N*l * t([+r)N+l - t(0+l)N+2-k

fur,l= Orl 12 .,. and k = l12, ...N.

For example, by applying this algorithm on the SC filter section of
figure 2(a) wittr clock signaLs (b) one obtains the adjoint SC network of
figure 2(c) with signals (d).

C2
ot

o t1 A1t 2

an

A2 43 14 L1,

a o

C1

6o

c,

I5r
A2

U
C3

"o
QZI 6ZZ 6Zg

A1 a2 43 a4

{o) T

(b)

C1 wl
01

62 61 fi62
62

t, 5t

J
C4

A1 A,t

(c) 
td )

Figure 2. The SC network of (a) with clock signals (b) has an adjoint SC network (c) with clock signals (d)

The useful property of the adjoint switched eapacitor network is given

by theorem 4 in (1o Vandewalle, 1981).

Theorem :

Given a switched capacitor networt< vf wittr z-dorqain transfer rnatrix M

and its adjoint network ,7 wtth z-domain transfer mat,rix !', th"r,

S=gut (ll)

3E

U
C3

x2 13



Here $ denotes 8. block row and column reversion defined as

IIzz
Hp

Hzr
Hrt

l2-

(r2)

Grr
Gz't

Gtz

Gzz
G1

Gzr.,

Gruz Gi*'r
Hzz

Hrr
Hzt

Kzz
Krz

Hrz Htt
Hzt

Hrt

Gruru

Gzt
Grru

Hrt

Hrt
Hrru

Hi.rz Htvr

Gl'r Grz Grut HNr Hr.,z

Gzr. Gzr
Grz Grt

t-
Krt Krz
Kzt Kzz

K^n Krcz

(1 l) implies
and g of ,,F

Lrr Lp
Lzt Lzz

LN Lrvz LrvN

Kruru K,*z KrtK1

KzN

KN,v

LrN
I-zN

LNz

Lzz

Ltz

Lwrv

Lz*
Lrr.'

Lr.rr

Lzr
Ln

KzN

Kt'v Kr
Kzr

For the computation of the adjoint equations, it is important to
observe that the LU-factors of the adjoint Jlo are equal to the LU factors
of ,,/f after a transposition and a block reversion of the rows of the
first and the columns of the second.

In the analysis of the direct ntstwork one column of M can be calcu-
lated. Tn the analysis of the adjoint network one row of M can be calculated.
The proof of (ll) is based on the fact that the matrices !trr 11, !tr,,91 and

E1 of the description (4) of ,'f and the matrices Atr, P1, 9t, 9t and Ek of
the couresponding description of JV ^t" related by

3l

JI

D.
a(

!-

tu
A =l;5ryk pk

^TU.,
-k

.I

.[,ru
-k+

E

T
rK

with k = N-k+l ( l3)

for k = Lrz, ... N

that the submatrices of the z-domain transfer matrix M of J'
are related by

rrhere s=l if k)1 and s=l-N if k = 1
s

fuuz) = 3fiqr,l

{on(z) = irTgnCrl

k nG) = 5i;('1

t *U(z) = 4;(')

where ,[= n-8*r, ? = N-k+l and for !, k = L, 2, N

( l4)
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2.6. Sensitivity analysis (lo Vandewalle, lgBl).
(ij )The sensitivity of H (t^r) on a parameter f is given by

sIr
u

(ii )
(t,l) =

a

a nfii) czl

4i,'.",

-jotk+1 j".q,*l 
n 4;j) q.jorr;

"(ij) io)
vo(o) eu

N

tl
k=1

e
N(r

t_
o_ Eu

+ [(rt+t-rk)lr - vU(r,t)1
u {ij',-,

0u

where in the case that p is a capacitor c eonnecting node m to node n

(ts)

( ro)

( l7)

N

L (d{ilt) - A{*t,r c'fi.;) - 
"(nj)ac

)

r=1

N-1
+I

r=1
)

* ,_L(afT) _G (ni)
1t ) (q[;j' - '{"",

with ? = N-r+l and f = N-k+l.

Or in the case that U is a voltage controlled voltage source where the vol-
t.age in branch q is A times the voltage of nod.e m with respect to node n

G{ii'n- a{{);r("ltj) - 
"(ni)

{flt' (nl?j ) - 
"(nj 

),

:(.i)r a S' ..(. j ),Yili -TT- Ir.s.

AA
-r+L

a (z)4;j
1

N

I
r=AA

Or in the case that all capaeitors are a known function of a parameter

u =A

N
v

r=l-

N-

i e[-l,t+I

.LJ I

I-
t(.

8,.,-

at

+z -1
sf

a $r .,t.:>-5T- Fllr

f-
aI rl;j'

(ra)
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wheregl;j' is again the j-th,rcolumn of Br0, and + is known from rhe
design.

Other sensitivities and the group delay are given in (l' Vandewalle, l98l).

3. EffieienL matrix setup.

In Lhis section the setup of the Ml{A-matrix by use of I'stamps" is described.
Afterwards it is shown how composite switch branches can be used. for an ef-
ficient matrix formulation.

3. l. Matrix setu use of st s

The setup of rhe z-domain MNA maLrix can be automated by an accumulat,ion
of frstamp-s" (Ho, 1975) for each network element, in the matrix. These stamps

represent the conLribution of a certain element in the equations. Due to
the coupling between the consecutive timesLots the stamps are exLended for
the z-domain MNA-matrix.

Table I contains a list of some frequently used eLements in SC-analysis
as implemented in DIAI{A.

Capacitor C

ki-l
-c

c

1 i-l
c

-c

1
1

k
1

-cC

C

S3-switch

for phase" i*l*

k.
for phases itl : 1

1.
1

forphasei=l:
1

a

1.
1

-616t-rc

kt 1l k*

k -c

-Cz
Cz

c

I
N

C ,-l
-t-Czt

I k
I

I

0

k

c

-C

-l
-1

-C

c

I
H

C

T,
k.a-l

-6.6..cl- L-I

-6rot-rc -6.6..ct- 1-l

m.
r-- I

6i,

6.c
t_

1.
l_

0

6t"

m.
1

-6.c
l_

-6.c
L

k
]-

k 0
]-
c

1 o

m

1

0 r-- I
c 6..c

l_- I -C -6
l-
c 4t, c
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Four node switch

for phases i#l*

6

0

m.1- -t

-6.6. .cl- 1-1

k
o

6

I

n
C

m

k.
1- -t

-o ro t-tc

4.6. . c1 l_-I

-6.a.,c
l_ l_- I

6.6..cr_ 1-I

1i- 
r

6 i6 i-t"

n.. 1-l

6.6..c1 1-r

1.
l-

-6.c
1

c 6.c
l_

o

o

m.
1

n.
l_

o

k.
1

oi"

1.
1

k
l-

m.
1

n.
l_

-0

0

o-6 6 c 6Ji-f -oJi-r"1 1-

6i6t -r" -6r6r_rc 6.6 --rc

-6 ia i_rc 6 16 r_rc :6 
16 r_rc

L
o

Co

o

6 -6.c
l-

:6.c 6.crl-

1

S2-switch

k

charge source

W

Voltage source

k

k
l_

r.
1

k
1

k
1

1
1

r
I

o I

I

I

t-
J

I

r

-0

k. 1.11 1

o

o

0

I 1.
1

o

1

1

0r

1.
1

1.
l-

k.
l-

1.
1

k
]-

o -a
1

k

1
6i

r
1

source vector

l;l
o

0

o

o

U o

o

o

0

t---

source vector

u

o

0I
-"t

r -lro

* 0n1y the contribution of the stamp to the equations for phases i=2...N
is given. Of course for phase i=l a modification with z I as in the second

stamp of the capacitor has to be used.
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voltage controlled voltage source ki
1

k

1
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charge controlled charge source

k
r Qs

m

n

I
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+
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o

r.
l-

k.
l_

1:
1

o

o

o

0

o

o

o

o

o

o

o

0

o

o

o

o

m

nI

AQo m

n

r

-l

-A

A
l_

1

1

cftarge controlled voltage source ki 1.
1

k
1_

k

-loo o

o I

o -l

I 0

-t o

1
I

m.
1

n
1

r. s.l-1

o

o

o

o
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o

0
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o

o

ooo
r

s Qo Ago
m.

1

s.
1

n

t
+oo I -l o -A

o-loo o

Table l. Stamps for phase i in the z-domain MNA-matrix of ideal etements

used in SC-analysis.

3.2. The use of composite switch branches.

As can be not,iced frour table l r composite switch branches (S3 and 34)

can aLso be used. Often this is al-so called a macromodel.

Th6ir use all-ows an initial compaction of the network eguations. When using

the S3-switch model compared to two 52 switches and one capacitor, three
internal variables and equations can be saved in each phase. By use of an

S4-switch modeL instead of four switches and one capacitor, six variabLes

and equations can be saved in each phase. This of course impl-ies that, one

(resp. two) node voltages and charges through switches are unknown.

I
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For the example of fig.
Sl, 52 and Cl. This results

2

0

2
2

+-
3

l. a S3-switch model can be used instead of
in the foLlowing z-domain MNA=matrix":

ll 2l

o

o

3l

v ll 0o

o 'c2'-l V o3l

Qtt

C

I

o

o

o

3

0

-c

+C

I ol0 ;O o o v ir
I +- I

I
I

I

I

t
I

It

2t

3f

o

0

0 o

o

C

-c

V

V

l2

32

o

o-c2 I t
ocz

o o 0 0 0 a l2 V lz

(le)

Equations (7) and (19) are equivalent in the sense that they represent
Lhe matrix which conputes the sane output variabl-es that are of interest to us.

By using this composite switch branch model six variables and six equa-

tions are inplicitely el-iminated in the originaL MNA-matrix (which was already

snalL compared to the tabl-eau natrix). For this siurple example the gain

in computational effort is very big by using composite switch branches.

But even with the incl-usion of these eomposite switch branches still
relatively large matrices are obtained when the circuit size increases,
and this especialLy so when several timesl,ots are used. For the two phase

fifth order elLiptie lowpass fil-ter (2r Jaq,obs, 1978) shown in fig. 4.

one obtains with the use of 52 switches a z-domain MNA-matrix with dimension

N = ll2. If use is nade of 53 and 54 composite branch switches this
matrix dimension is reduced to N = 34.

The dimension of the.,metiix is very important because it determines

the maLrix soLution time. If appropriate sparse matrix techniques are used,

the sotution time of the z-domain MNA-matrix of a "normaL'r SC network is
approxiurately linear to the dimension of this matrix.
Therefore it is iurportant that one has a smal-ler matrix if a computation

over severaL frequency values is desired.

-r
I

I



5.33

C
XVE

XVD
+

XVC
+

XVB
+

a2A

1)TVA
+

C+4, 1475

C2

1 .40804

VOUT

1

1
4
I

;nE

#
#fr

c2)

1

CLz

5.O 6 514.70 CT,

c4A

75 1 .40804

6.84

1

1

1

1

A
4"

f ig. t,



0
AMPL

( db)

l0 KHz1 KHz100 KHz F-80
o

180

0 r 100H2 rlKHz

PHASE

t10K Hz F

F-190"

f ig.5



ESAT ELLIPTICAL
.SCFREO NLINS6O
PRINT 1Ti
; CLOCK ING
INPUT CL V.T=O O

'CIRCUITVIN 1 O

c1242
c?.34 7 1

crz 5 3
c1489
c45 10 1

c4127
c2774
czA
c4A
XVA
XVB
XVC
XVD
XVE
s31
$4e
s43
s44
s45
s36
s37
s49
.SENS CAPSCl? CZ CLz
.ENO

FILTER
FSTART=O FSTOP=16KHZ FSAIVIPLEeI2SKHZ

Z 1 U Z CYC

.4791
14.747

.0456
,448
5.33E1

,40804
1475

4 4.'1475
1 0 1.40804

0021K
0 n 5 lK
0 0 11 1K
n 0 I 1K
0 0 12 1K

t+ 2 CL 0 C=l VT*1
50ecL0c=1VT=l
540CL0C=1VTs1
570CL0C=1VTsl
5 n 11 CL 0 C*1 VT=1
E 7 CL 0 C=l VT=1
I 10 CL 0 C=1 VT"l
1ii 0 12 CL 0 C=l VT=1

1

B

1

5
6
?
1

11
11
4
3
7
9
10
0
1

0
CI

I
0
r)

9

fig.6



tB-

4. Efficient compaction.

In this section a matrix compaction aLgorithm is presented by which the

equations (4) can be compacted into a small set of equations. This urinimal

set of equations can than be used in an efficient solution process as described
hereafter. The size of this equations set is usualLy considerably smaller
than that obtained with other'approaches (Brglez, 1980), (Kuo, 1979) ,
(Tsividis, 1979).

4.1, Cornpaction of the equations (4).

Observe that the natrix (4) is a set of linear equations which can be

written as :

lL*,-' !1 5 =5 (20)

These equations can be obtained by aecumulating the contributions of the
different stamps of table I into the z-domain MNA-matrix.

We assume that the SC circuit obeys the folloriving topological- conditions.
In the case that the independent voLtage and eharge soutrces are the only active
components, then in each tirneslot there may not be any cutset, of charge sources

and open switches and no loop of voltage sources and cLosed switches. In this
case equation (2O) can be solved. Moreover for alnost all the practical cir-
cuits which contain dependent sources the matrix A will be nonsingular.

N

By compaction we mean the Gauss elimination of al-l internaL variabLes in
(2O) (natrix coLumns !) which are of no further interest for the following

calculations by using al-l the equations in (20) (matrix rows ! ) which are

of no further int,erest for the fo1-Lowing cal-cuLations so that we obtain a

compacted set, of equations :

r -llAt + z' B
L;-

(20. a)

The variabLes which are of further interest are the desired output

variables of the simulation and certain variabLes necessary for the sensitivity
analysis. Equations which are of further interest are input variables and

equations corresponding to desired output variabtes of the adjoint network

in s6nsitivity analysis.

Notice the duality between rows and colunns in the elininaLion preces

because of the use of the adjoint swltched eapacitor netwerk.

'lE'=91di-
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ExanpLe : Suppose one would Like to anal-yse the transferfunction from

node I to node 3 in the filter of fig. l. Then V' and V' are the desired
outputs while equation 4 and equation 4r are equations of further interest.
We have narked these rows and columns in fig. l. by a ff -sigu.

It should be mentioned that our solution process can also be appLied

in other approaches (Brglez, l9S0), (Kuo, lgTg), (3o Tsividis , lgTg),
(Hokenek, l98O) to setup the equat,ions.

The analysis below could even be adapLed to the timedomain anaLysis of
ideal (no transient effects !) SC circuits, by a back transformat,ion of the
z-domain equations (20.a) to the time domain where ,-7-op"r^tor corresponds
to a delay in time :

I

(nr) (20.b)
I

must of course be putVariables in different phases of the solutionvector S
baek in the right timesequence.

Observe that the cotumns contained in the n-l first block columns of
matrix (4) do not depend oo , 7. This allows to perform Gauss elininations
which are valid for al-1 z-1. Also LU decomposition nay be perforned when taking
pivot el-ements in parts which do not depend oo ,-l because LU-deeonposition
is essentially the sane as Gauss elimination.

In the last block col-umn the columns corresponding to the charge

variables are also r-l-irrd"pendent. The iows in the Last bLock column cor-
responding to the branch constitutive relations are al"o ,-l-independent..
These ideas are carried out more formally in appendix 1.

-4.2. Conpact,ion process^

* The compaction process described behornr is very general in the . sense

that it can be appLied to al-l matrix equations of the form i

[t. fl]. I - I where ] is a complex paramerer,
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Suppose the following z-domain mat,rix :

-lF.

-92 lz
-9g Ir

-G. z
-l I

2

Iy-gN

x

x

Ig

I1

Yz

T:

(22)

rn-t Ior-t

h
Ir'r-t

I',iN

I
M

where Ei i" a main submat,rix of phase i. For the MNA formulation this
results in :

Ai
Tl.

9i

!i

9i i" a coupling submatrix of phase i which for a MNA matrix looks like :

X; is the unknown vector of phase i :

.5i =

;l
l--u.

L;1
G

Yi

Qi

and !i is the source vector of phase i.

t!l
Sparse matrix techniques, especially tailored for our class of problems

are derived. The advantage of this approach is that much l-ess core-memory

is required to store the matrix and that the computationtimes increase
linearl-y with the circuit complexity compared to a fuLl matrix impl-ementation.

Part l. Compaction of the first N-l submaLrices (phases).

Depending upon the available computer memory the compaction of the equations

of the first N-l phases can be done one at. a time (gradual) or all at, once.

If conpaction is perforned gradual-ly less memory is necessary but nore sparse

matrix fillins are generated in the reordering process. If compaction of all
first N-l tinesLots is done at once less filLins occur but the ordering and

pivotting algorithms will take more t,ime. The time necessary for natrix re-
ordering and pivotting increases with the thirth power of the submatrix

]-
I
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dimension to be ordered. Therefore for circuits with many tineslots it is
better t,o use the gradual compaction proces. In the DIANA-program both
kinds cif analysis can be specified (default : gradual, can be overridden by

the -GMDUAL-option) .

Step l.
l. l. S€tup and enter ,9t io the sparse matrix system.

Step 2.

2.1, Setup and enterli and $i+t in the sparse natrix system.

2.2. If i=N-l also setup and enter JW ir the sparse mat,rix system.

This wiLl all-ow to determine a minimum number of fillins during the
reordering process.

2.3. Singletonalgorithm : (IIo, 1975) Reorder singletons (rows and cotrumns

with on1-y one element in then) io Ei in the first part of the rnatri*,Xi.
(These singl-etons can be assigned as initial pivots for either non

blocked rows and columns or blocked rows or columns. The singLetons
originate either from grounded voLcage sources and grounded closed
switches or from cutrrent sources and open switches).

2.4. Perform a pivoting algoiithm in order to obtain a strong uratrixdiagonal-
which is different from zeto

This roeans that the diagonal elementvalues may not be snalL compared to
the other matrix element values. This guarantees the numerical stability
and accuracy of the solut,ion process.

2.5. Block the rows in F.; corresponding to input $ources and desired outputs
PL

. of the adjoint network rlT in phase i.

2.6. Block the cotumns ir,gi corresponding to desired outputs and input sources

of the adjoint, network in phase'i.

2.7. DeLete rows and colunns corresponding Lo gingletons of nonblocked rows

and non blocked coLumns.

2.8. Make pivots free which corresporid to rows and coLumns which are not

blocked and order them in the first (freed) part of the uratri*,5i.
A pivot is said to be free if its coiresponding row and column are

both not blocked and if they are made avail-abLe for Gauss eLiminacion.
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2.9. Reorder the pivots of the freed part in order t,o cause a minimum

number of fillins in the sparse matrix system.

2. lO.Perform a Gauss-elimination of the whole natrix part that has last, been

freed. Hereafter entries of the sparse matrix system correspond.ing to
elininated rows and columns can be deLet,ed in order to obtain an efficient
memory use and fast execution tine.

2.11..Examine if non-blocked rows or columns of the non-free part, can be freed
by perforning a colunn int,erchange.

If so, free the non free part
The new pivots are chosen so that their absol-ut,e value is greater than
a cert,ain threshol-d value V1 in order to maintain a strong diagonal.

2.12-If there is at least one pivot freed in step 2.11. repeat from 2.9.

2. l3 Reorder the remaining non-freed part of Ii for a minimum number of
fill-ins, and perform a partial LU deeomposition in this part.

2,14, If i < N-l repeat from 2.1.

At this point in the compaction process the matrix equation (4) is now

reduced t,o :

-1 t ll+z 0 ... o
(zr1

where on1-y nonzero real elements occur in the shaded areas gf $ and P,
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Part 2. CourpacLion of the l-ast tinesLot.

It is our intention t,o compact the phase N equations so that the eompacted

equation is stiLl- of the form (20.a). More generally it is possible but not
advisable to compact until transferfunctions are obtained if one works with
formula manipulation in the field of rat,ional functions of z.

St,ep 3.

3. l. Detect singletons and order them in the first part of T*.

3.2. Pivoting in the last phase part of S in order to obtain a no.nzero diagonal.

3.3. Block rows in f,n corresponding to input sources and desired outpuLs of
the adjoint network in the last phase.

3.4. Block col-umns in fN corresponding to input sources of the adjoint network
and desired output,s of the direct network in the last phase.

3.5. Delete roTts and col-unns corresponding to singletons of non-blocked rows

and non-blocked eolumns.

3.6. Rowalgorithrn :

-l3.6.1. Make pivots free which correspond to rows which are z '-independent
and not bl-ocked and which correspond to columns which are not blocked.
See in the appendix I for the definition of ,-l-independent row and

-lcolumn. (Note that rows of 9n and Dp are z '-independent during the
first pass of the row algorithm).

3.6.2. Reorder the Last free pivots for a minimum number of fil-l-ins. Perform
a Gauss eLimination on the free part. Delete the mat,rixentries corres-
ponding to the eliminated rows and coLumns.

This can be done all at once because (corollary 2 in appendix l)
z-l independent rows ,"r"ir, ,-l independent during Gauss elemination.

3.6.3. Examine for non blocked rows if they are z-l independent and see if a

columnint,erchange of the pivotcolumn with a non blocked column can

result in a new free pivot. Search al-l new pivots in this way. The

new pivots are chosen in [ (23) so that, a strong diagonaL can be

maintained.

3,6.4. If there is at least one pivot free in 3.6.3. then repeat from 2.9,.
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3.7. Column

3.7.1. dual

3.7.2. dual

3,7.3. dual

3.7.4. dual

algorithm.

to 3.6. I .
to 3,6.2.
to 3.6.3.
to 3.6,4.

3.8. Repeat row- and column aLgorithns 3.6. and 3.7. until no additional
pivots can be freed and eliminated anymore.

3.9. At this stage still a row and column algorithm could be performed but
now atso with blocked rows and blocked columns and by using LU deconposition
instead of Gauss elimination and without deleting matrix entries. This
woul-d resul-t in the fact that for each frequency value an LU-deconposition
had to be done on a minimal dimension matrix. This step 3,9. is not inpLemented

in DIANA because this would reduce the total computation time only by a

few percent.

3.10. Reorder the renaining rows and columns of phase N so that a minimum

number of "fillins" is created by LU decomposition of this part.

The result of this eorpaction process can be written as :

o

-:,:,J [; I [;:.]=[;:.-]
(24)

I

where L is a lower triangular matrix and U is an upper triangular matrix.
Qnly the reaL matrices Lr 91 9, !, ! and L need to be stored.

Example : If we apply the compaction process described above to the filter
in fig. l. with a MNA rnatrix (7) and the row and column constraints indi-
cated above we obtain the following uratrix equation after step 3. lO.

:lt;It;[;

3

o4

3

4t

3l

o0
lt 3f I 3 lr 3f

oo
-1O -CZz I

lo V ll
vgt

ilV

o0l o0 oc I
I

I

I

I

(25)
o0 lo

0l

00 I o V Vt2

o I 00 -Cl CfCZ-C2z -l v3z 0

LZ



This solution corresponds to (24) but in the form ;

il[; .]=[;:J
U Rz

0 H+zrtE

o

I
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Example : The matrix of the fifth order filter of fig. 4. reduces to a

B x B matrix after compaction if only the input-output t,ransferfunction
is to be calculated. This is the case as well foruheuse of s2, s3 -
as for 54 composite switch branches.

It is our experience that the matrices can always be compacted to a dinension
that is less than or equal to the number of desired in- and outputs in the
desired phases plus the order of the filter.

4.3. SoluLion process for a certain Ol *-ltu1"e.

Step l.
j-rT

For any qrm , set z=e and perform the LU deconposition of the
last phase, whieh is useful for all excitations I,t, ItN. since the mat,rix M

is nonsingular for almost all values of Qm, this LU decomposiLion can be

performed :
_j_mT

.E*" 3=-Llqlti

Step 2.

For any excitatior It, Itn the response 5t, It' can now be computed

as follows.

Y__-SZ
ryN 44

1
3=

I.
i,trt

In=
pl=

[=

L Y

l;
j

e

M

1

t

N
U

z

tr*
ohtT

I5{

The reader can verify for hirnself by simple substitutions in (19) that
this is ind.eed a correct solution.

1
U
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If one is interested in a solution of the adjoint equations, step I does

noet have to be repeated.
If the contributions of the different phases to the vectors X and ! are
organized in decreasing order, we have to soLve tr4-l Ty = y.
Using the natrices of (24> this equation can U" i""orio""i ""

[; i][*. ' gt lpT
o

+Z :];'l [;']F I[;,]
T

h Qe)

Qt)

This allows to describe the different computations for the adjoint netvrork.

RZ

!!Cp-{ : Compute

z

T|
;.L

It
M

x

xr- Y
1"

T(,j
_;- .!1

_ T-1=ln

m
e

'Tr-1 p

-9ot'L
=l-S-X-̂

t dL

= 1T-t ;

Careful inspection shows that the number of computations required by this
algorithrn increases linearly with the number N of phases. This is certaf:.r*'
ly important for circuits with nany phases, but also for circuits with two
phases the algorithm is very fast
Observe that the matrix P characterizeA,,:the essential signal circulation
phenomena of a SC network.

4. 4. Paranetric analysis.

In a parametric analysis one wants to study the influenee of J-arge para-

metric changes of one or more network component(s) (e.g. a capaciLorvalue

or the amplification of a dependant, source) on a transferfunction n(ij) or a

sensitivi ty.

In this case the above compaction formalism can still be used. One only

has to block the row(s) and column(s) corresponding to these parameter

entries in the matrix. These parameterentries have to be ordered last in the

mat,rix so that the LU decompositionproces can be delayed until the compaction

of the rest of the rnatrix has been performed.
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Afterwards for all paranetervalues of interest t,o the user (the compaction

doesn't.have to be repeated) the matrix entries can be filled so that the

decomBosition ean be performed on this last part. The ensuing solution pro-
cess remains the same as in the usual anal-ysis.

ltrhen the compaction process is furLher pursued so that transferfunction
derivation and pole-zero extraction is possible one can do a root-locus ana-

lysis with the help of this parameteranaLysis formalisn. A compl-ete compacLion

procedure followed by a po1-e zero extraction can have numerical problens due

to ill condit,ioning and becomes easily quite involved for large circuits.
From a numerical stability poinr of view it would be better to solve the

"eigenvalue"-problem of the peneil (2lia) e.g. by the methods proposed by
(Van Dooren, 1979).

4.5. Non ideal effects.

In the anal-ysis of the nonideal effects (inclusion of transient effects,
resistors, op€rmp poles and zeros) (nabaey, l98l) aLso a compaction can be per-
formed till the order of the system plus the number of desired in- and..'outputs.

This conpaction can be efficient if higher order Pad6 approximations are used

where several matrix manipulat,ions are required. But one should remark;that
the order of a SC circuit with resistors in the switches wil-l often be higher
because there are more independent capacitors in it., so thdLhe compaction

process does not bring about such a reduction as in the ideal case.

Efficient organisation of frequency, aLiasing and sensitivity computations
(2' Vandewal-1e, l98l ) .

Only two sets of linear equations of the form (24) have to be solved at
each blo, of Lnterest in order t,o obtain the frequeney, aliasing and sensiti-
vity eharact,eristics at &)o,. This is considerably better than what is obtained

for the time domain analysis. Our algorithm makes full- advantage of the fol-
lowing observaLions. The frequeney and aliasing characteristics require
l-inear combinations of certain entries of the matrix 11. These entries and

those needed for the sensitivities can often be computed more efficiently from

the matrix !1 of the adjoint switched capacitor network. By choosing the ex-

citation Y appropriately certain linear combinations are automatically obtained

in (24). The contribution from the continuous coupling can be obtained by

setting z= ao in (24).

5
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Step l. Apply an excitation Y yhere component j of ,Ut is I and al-l other
component,s of f are zere and solve (24) wittr z- @. The solution X is then
pertitioned into N vecLors,

:]:[:

Eo[' 
j ) c-l

Ln,l' 
j) 

<-l

for k = l, 2, ... N

ft = l, 2, ... N

for 1= l, 2, ... N

)where stands for the j-th colurnn of the mat,rix S.

Apply an excitation Y where component i of !g, k=N-k+l is I and all other
components of Y are zeto and sol-ve these equations of z=o. The solution

I is then partitione.d into N vectors

).
-k

r.
-K

golt' ) r (-)

*o(t')r(-)

J. j'rtl*l
=!e

Step 2. Solve (24) at each q)m.eO for the original circuit under the
following vo1-tage excit,ation in branch j (not to be confused with the j= Ei).

j..lrt2* 
I

e

and all other component,s of Y zero. The solution X is then partitioned into
N vectors with

it^t T-.m

j)
u(

Er.

rfij) c.

rf;j)r"
itl T"m

)

.2=l
for k = l, 2, ... N.

)

Solve the adjoint equations at te>o, for

!{t' = uo(c.rrn) 
"-j-*tk+l for k = l, :.. N

where

ur.(() = z 
fsin[g(to*,-tu)/zl 

.*p t jg(tn*,-t o>tz)] n

and aLL other components of Y zero. The solution is then partitioned into
N vectors with

J\.
e.{

t
s,ll')''c'

ic.r T"m
N Co

I r'o(c,r) e

I )
k=4

-j
m
tk*r

*ll.') t,"
i<.,1 T-m

for l= lr2, ... N.
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Step 3. The desired information at crm is then obtained by making the
f ollowing combinations

g(ij)r_,) = A "j-,'.e*, E;t, . nf+# _ro(%)l f (j)

e
Lo

N -nar t-. 
F,[uo(-nr'")-uo(c-r)1 

e s I(+I Vu"'

rh"t. *(j) is the j-th cornponent of the vector x.

As an example of the computation of sensitivities we give the sensitivity
of it(ij'"r, with respect to the variation of the amplification A of a vol-
tage eontrol-led voltage source, where the voLtage in branch q is A times the
voltage of node m with respect to node n

(ij )

x(ij) (or,rr*r*") = i.
L=l

j (ro,o+n,")t *, (j)

r=l

)Ar*r - 1q)'m
r+l JI Aat

+e

N

sl

s

"(ij 
) larr)

tr q) (m) (n)A
4, -Adt

f=l

I
H(ij ) r

r,
((%) = )

F,,tt*l-tt' - uo(-r) )go(e) (Io(*) -ht") > ]

Another useful sensitivity is that with respect to a parameter l which

affects all capacitors

r-dd )4*
-'A
)r 'ea

H(ij )

I (")
(%)

N-ltrIr=l
T

T_ * )A.,4id\+

N

T
k=l

,tt*l-tt - \rk(o,,))(il #tlo)]

where )eO/D tr is known from Lhe design. Observe that also this sensitivity
is obtained with the solutions of two sets of l-inear equations of cr *
(step 2).



30-

6. Analysis applicat,ions.

6.1. Scaline of e lement values.

In SC analysis dft,en small capacitor vatues are encountered (pFts).
If one !ilants to study the infl-uence of parasitic capacitors, these element

values can even be rnuch small-er. These elementval-ues which are very smal-l-

can cause computational problems in the rnatrix solution because the rninimun
value of the number representation of the comput,er can be reached. Therefore
in DIANA the mean value is taken of al-l capacitors and called l/d..
According to corollary 1 of (3o Vandewalle, l98l) all capacitorvalues and

the controlling factors of VCQS may be multipl-ied by d and the controlling
factors of QCVS may be devided by rl. Now all the charges are multiplied
by OL but the voltages remain the same.

6.2. Applications.

The above described analysis procedure has been implemented into the
DIANA program. A considerable timesaving could be achieved by using the
direct frequency meLhod compared to the previously implenented time domain

approach of DIANA (3o De Man, l98O). In the tirne domain approach one or more

impulsresponses are calculated and transformed to the frequency dornain by

FFT(s). Table 2. shows the results for both applied to the filter of fig. 4.

First for a frequeney donain anal-ysis by both methods over 1024 points and

afterwards for a sensitivity analysis of all- VDVts and a transferfunct,ion
analysis. N is the result,ing matrix dimension after compaction. Notice
that the simulation times are improved by a factor of 6.,.7.
Fig. 5. shows the resulting amplitude and phase of the transferfunction on

a logarithmic frequency scale.
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ANALYSIS TMNSFER FUNCTION TRANSFEB, SENS

DIANA simulation mode time frequency time frequency

READIN (s)

SUI-{I{ARY (s)

ORDER (+c0uPActIoN) (s)

TMNSIENT, FREQUENCY (.s)

EFT (s)

TQTAL (s)

N

1.3

0.4

Q,2

92.8

27.8

123 .4

22

t.4
o.4

2,Q

17 .1

22.O

B

1.3

0.5

o,2

190. 3

213.7

406.8

22

1.4

0.4

1.7

55.2

s9.6

t8

Table 2. VAX RUN STATISTICS.

The CPU time improvenent is even more considera-bl-e if fewer frequency points
are to be calcul-ated, Normally one is only interested in a linited frequency
range (e.g. pass band) which reduces the number of frequeney points to be

caLculated.

A DlANA-inputdescription of the lowpass filt,er of fig. 4, is shown below

in fig. 6. The rnajor change compared t,o the time domain version is the
inclusion of a .SCFREQ-card.

Notice that sinx/x-effects (SINC) and continuous l/O-coupling (CONT) as welL

as al-iasing (BAND=) can be included.
Fig. 7. shows the resuLts for the Lowpass filter. The transfercharacteristic
and the sensitivities of the anplitude to resp. Q12, CL2 and C2 are shown

(inc1-uding SINC and CONT-effects) ;

This took 8.9 seconds VAXCPU over 60 frequencypoints. If no sensitivity
anaLysis is asked this tirne reduces to 4.9 seconds VAXCPU. Notice that
this is an irnp4ovement with a factor of 25 in CPU-time compared to the case

that the time domain approach of DIANA was used.

Fig. 8. shows the frequency analysis of this fil-ter from 0 Hz tiLl 2ox,f".
0bserve the effect of the i-inx/x-term due to the sample and hold process.

Fig. 9. shows the effect on the passband of the Lowpassfilter (fig. 4>

when different opamp gains A are used in the simulations.

A first order treble tone control filter w-ith its DIANA-input is shovrn

in fig. lO.
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A sinulation over 6Q frequency points of transfercharacterist,ic and sen-
sitivities of the four capacitances took 305 sec lAXCPU-time. The uratrix could
be corqpact,ed to a dinension 10.

Fig. lL.a. shows the amplitude characterist.ic versus frequency for a duty
cycle of 5O7". Curve A is for a pieeewise constant output without sample and

hold effects. Curve C is with S/tt effecrs.
Curve B obtains S/ti effects as well as effect,s due to a continuous inpuL:output
coupling. The dotted curves At, Br and Cf are the resutt of an aliasing
anal-ysis where an excitation at q) =@n,*<^r" has an effect in the baseband at
pulsation c.l- (f olding eff ect) .

This can be important to design e.g. anti-aliasing pre-filters. Fig. 11.b.
shows the sensitivity analysis eharact,eristies for the four capacitors.
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7. Conclusions.

In this lecture lre presented llow switched capacitor circuits can be

efficiently analysed by use of the z-domain !fi{A-matrix formalism. The z-domain
MNA-formal-ism and its setup were studied. The compaction of the initial MNA-

matrix, the use of the a{joint network and the efficient organisation of the
caLculations resulted in a handsgrqe tool for the computation of sensitivities,
frequency and aliasing characteristics, No constraints on the number of phases,
duty cycles and continuous I/O-coupling were imposed.

Moreover this new z-donain analysis part, is used as a basic buiLding block
in the analysis of SC-circuits with parasitic effects due to switch resistances
and finite opamp bandwidths (Rabaey, lg8l). This is discussed in the next
lecture.

The computations presented here are simpler, more ascurate and more flexible
(any ar, is allowed) . Indeed the technique via time-domain requires the compu-

tat,ion of several impulse responses of the original and the ajoint netfiork until
it died out and a discrete Fourier t,ransform (DFT) of these signals (many signals
in the sensitivity analysis). The accuracy of the srnaller c,omponents in the
DFT of selective circuits can clear1-y be quite Low since those component,s are at the
same level as the rounding errors, Considerable improvepents in speed have been

obtained in the inplementation in the DIANA progran with respect to the time
domain version.
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Appendix l. Independence from I it ttt" compaction proces.

Consider a matrix equation :

(a+trL)I=I (l)

where Y is the excitation vector, I is the unknown vector and A is a non-
singuLar (nxn) matrix and B is a (nxn) matrix that may be singular. I is a

complex parameter.

l.a. Definition : .\ -independent row.

A row i of A, f, ! in (l) is said to be tr -independent if the exci-
tation yi=o and if there is a 6 i independent of I such that for all
j=l .'. n :

oij = [i "ij (j=1" 'n)

This inplies that in this equation 1f+ I.yr) is a common faet,or when the
remaining vector does not depend on tr and can be divided.

l.b. Definition : ).-independent column.

A column j of A and B in (l) is said to be

xj is of no interesL and if for a1l- eLements ai5

elenents bi3 (i=1...n) of B holds that :

b.. =Y, a.. (i=1...n)lJ t,J T-J

This impl-ies that 1t+ l6r) is a common factor of the variable xi.
Therefore x5 can be scaled by (l+ I6i).

Observe that the factors 6i (atta 6:) in definition l.a. and 1.b. san not,

be infinity because this would iurpLy that aL1 ar3 of row i (resp. colunn j)
are O. This is not allortred because the matrix A is assumed to be nonsingular.

Theorem l.

If a row i is .I-independent and if aLl elements b13 (j=l.".n) of B are
put equal Eo zete then the resulting equation :

(a * I[') x = v (2)

l - independent if the variable
(i=1...n) of A and aLl

remains equival-ent to (l).
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Proof ; row i in matrix equation (l) is given by :

nn
b. .x.. = v.1l J '1

But, because row i is l-independent yr=o and b..= Ui "ij.
Equation (3) can be repl-aced by :

n
(l+\tri) E "ij *j = o

l=l

Dividing (a) by 1t+\6r) remains :

n
I a.. x. = oil' lJ JJ-r

which is the same as (3) but where all the b

are put equal to zero. D

Tj=l
a. .x.1JJ +). f,

.l=l
(3)

(4)

except

(6)

Theoren 2.

If a column

Proof : Denote

a.. Equation (

n

,E 
C1 + bor)x +(akj+ brj)*j=ro

(k = l. ..n)

Now, if column j is l -independent it hoLds that :

btoj =dj'" j (k= t"'il)
Fillin (6) in (5) and replace xj by xj'71f +tr6r)
From thisi we obtain :

r + a . xf . = vkj J "k

j is I -independent, and if al-l el,ements b. . (i=1...n) of B

1-J
terms (j=1.. .n)

(k = 1...n)

are put equal to zeto then the resulting equation :

(A* I!') I' = J
remain equivalent to (l). h I' *j=*j (l+ \trj)

nr
Dl=1"

jn

,,"fo,"=oi Fr.3:-:: ," ' 
summation over all ar

n

4=l
x

!.
(a +b )- kL kL'

In this equivalent matrix representation we notice that all bii-terns
are equal to zero.D
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Theorem 3.

A11 ). -ittd.p"ndent rows of . (l) remain tr-independent if Gauss el-imination
is applied on one of these tr -independent rows;

Proef ;

Suppo-s-e:row i and row k to be tr -independent.
Then according to theoren I they can be writ.ten as :

a x =o (7)j

n
>- d.: . X: = o (g)4#klJJ-r

If a vari abLe xO by use of equation (7) (arrf o) is Gauss el6ninated in the
renaining equations, \-independent row like (S) is replaced by :

1J

n
Z,j=l

3rir,
l=I

=o
L2

According to definition l, this row :k is I-irra"p"ndent with Xl

Theorem 4.

All I-iod"p"ndent colurnns rjf (l) renair, tr-irrd"pendent of an unknown variable
corresponding to a ).-independent col-umn is Gauss-el-iminated.

Proof :

Suppose column j and eolumn I to b. \-ittd"pendent.
Aecording to theorem 2. the equaLions can then be written as :

t
m=l

j,L (rk* h.r)***"tj *jt * 
^,k(*'!, =yk (k=1. . .n)

Suppose that unknown variable x3 wiLl be elininaLed by use of equation i
("ijl o). The remaining equations are now replaced by :

b. . b._KJ].m

a.l(J a
a..) x.IJ. J

(e)

n

n i,x
ft"*-

4.. a,KJ r_m

a-
1J

I
m=l

) *)(h., )*
m +

1J

(1r- 
W r"i - (r- 4 , ro (k = r...rr1 and rfj) (10)

Application of definition 2 telLs us that, the early \ -irrd"p"ndent column

L is stilL tr-irrd"p.ndent wittr \=0.8
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Remark : Notice that the Gauss eliminat,ion of I -independent rows does nsL

guarantee that ). -independent eolumns keep this property and vice versa.

Theoren 5.

A Gauss el-imination of a \ -ind"p.ndent row or a ).-independent coLumn

in equation (l) resuLts in an equation of the form :

(A' * I g') 5' =.!'.

Proof : The proof of this theorem is analoguous to the proof of
theorem 3 and theoren 4.fJ


