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SUMMARY

In this paper we describe how three simple observations can be used in order to obtain an efficient algorithm for
the computer analysis of ideal switched-capacitor circuits. The resulting algorithm is linear in the number of phases.
The first observation uses the structure of the z-domain MNA-matrix to come up with a new LU-decomposition
scheme which is gradual per timeslot. The second observation allows a great reduction in size of the z-domain
MNA-matrix by a matrix compaction algorithm which also operates gradually per timeslot and which can be
interleaved with the first gradual LU -decomposition process. This leads to a small matrix which can then be used
for a time- and direct frequency-domain analysis. Third, the computations of transfer functions, aliasing functions
and sensitivities can be optimized by applying appropriate excitations and making appropriate combinations of the
terms in the expressions. These algorithms have been implemented in the SC-analysis program DIANA.SC. The
usefulness and efficiency of the program is then illustrated with some examples.

1. INTRODUCTION

Except for some trivial examples, the complete frequency, aliasing and sensitivity analysis of switched
capacitor (SC) networks is not easy and is best done by computer. Even then a complete analysis can
take several minutes. This motivated the direct computation of frequency, aliasing and sensitivity
properties of general periodically switched capacitor networks in the DIANA program by making optimal
use of the z-domain transfer matrix,’ the adjoint network? and many other ideas. This results in a set
of linear equations, with a size which is proportional to the number of phases (N) and to the size of the
network (s). By making full use of the matrix structure, a very efficient LU-decomposition and matrix
compaction algorithm is obtained which is linear in the number of phases. With the appropriate choices
of the right-hand side and the use of the adjoint switched capacitor network we further minimize the
number of linear equations to be solved. The general analysis problem is described in Section 2. It is
shown that the full frequency behaviour of switched capacitor networks can in general be obtained by
solving a set of linear equations obtained by the well known modified nodal analysis (MNA) method
used in most CAD programs today. In Section 3 we describe then an efficient LU decomposition which
is tailored to this structure and to the sparsity of the matrices. In fact only one gradual LU decomposition
has to be performed in advance and one extra LU decomposition is needed at each frequency point. In
Section 4 it is shown how these equations can be reduced by using an algebraic matrix compaction
algorithm. The frequency, aliasing and sensitivity computations can then be organized in Section 5 such
that a minimal number of linear equations has to be solved. This can be achieved by choosing appropriate
excitations for the linear equations and by using the adjoint SC network. Some examples illustrating this
algorithm are given in Section 6.
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The above described techniques allowed considerable savings compared to the time domain technique®
which was earlier implemented in the DIANA program* and which was then used for frequency analysis
by performing FFTs on impulse responses. At this moment the DIANA program has been enhanced by
the algorithms described in this paper® and has been tested and used for industrial application. Other
programs®’ do not make use of the full structure of the problem or are designed for special classes of
SC networks. It should also be mentioned that other approachesg’9 to set up the equations (based on
graph theoretic arguments instead of modified nodal analysis stamps) can be combined with the techniques
of Sections 4 and 5.

By using matrix compaction, the analysis of switched-capacitor circuits is at least as efficient as the
method which uses predefined macro models of SC-building blocks'® while it still has the advantage that
the circuit topology and the number of phases are not restricted.

The computations in this paper are very general in the sense that they apply to SC networks with
many phases, arbitrary duty cycles and with or without continuous coupling between input and output.
The linearity of controlled sources and capacitors, however, is always assumed.

The basic ideas of this paper have been pointed out in Reference 19 by the authors. In what follows,
these ideas and especially the matrix compaction process are carried out more formally.

2. BACKGROUND RESULTS ON SC-CIRCUIT ANALYSIS

2.1. SC-circuits

We define SC circuits to be arbitrary linear networks containing ideal switches, capacitors, independent
voltage and charge sources and dependent sources VCVS, QCQS, QCVS and VCQS. The switches are
controlled by Boolean clock variables ¢;(t)=0 or 1. ¢;(¢t)=0 (resp. ¢:(t)= 1) corresponds to an open
(resp. closed) switch at time ¢ if this switch is driven by clock i. The time is partitioned into time slots
Ay = (e, ts1] such that the clock signals do not vary in Ay, i.e. ¢;(f) =du for t€ Ar. We assume that the
clock signals are T-periodic, with N time slots (called N phases) in one period of duration T.

Suppose, without loss of generality, that the SC-network is connected in each timeslot. This assumption
is, moreover, realistic because on each real chip implementation of an SC-circuit no network parts can
be completely floating without a (parasitic) capacitive connection with the rest of the circuit. Suppose
also that there are no loops of (independent or dependent) voltage sources and closed switches in any
timeslot. Cutsets of (independent or dependent) current sources and open switches are also forbidden
in any phase. This is not a real restriction since for such loops or cutsets a contradiction can only be
avoided if the parameters of certain components have very specific values.

2.2. SC-analysis by using the Z-domain MNA-equations

In this subsection we summarize the results for SC-analysis which have been presented in previous
publications.’?

The MNA-framework of SC-circuits in the time domain was introduced in Reference 3. It has been
extended towards the z-domain analysis in Reference 1. The results are:

Fact 1." Let {vi, V2, V3... VN, VN+1. ..} (resp. {u;, uz .. .}) be the piecewise-constant voltage responses
at the nodes (resp., voltage sources in some selected branches). In other words v, is the node voltage
vector in A, Also, let {qy, q . . .} (resp., {w1, W, . . .}) be the charges transferred in some selected branches
(resp., injected by charge sources in the nodes). More precisely q; is the charge vector transferred in
these branches between the end ¢; of the time slot A;_; and ¢/+1. Each of these sequences is partitioned
into N different sequences one for each phase and z -transformed e.g.

V(@) 2 Z{viw}= L viewz 5> k=1,2,...N 1)
=0
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Then it is proved in Reference 1 that the input z-transforms W;, U, k =1,... N are related to the
output z-transforms V,, Q,, k =1,... N by:

[A; B, | : H | —E.iz7' 07 [Vi]  [Wi]

G Dy L A 0 0] Q) |U

-E; 0 ! A, B! i; ; V., W,
_q o _0_ _ll _(_:2_ B _122_: ______ =i = = e _.ll __________ . 93 -I_JE @)

‘I —E3 0 : A3 B3: ! I' V3 — W3

______ 0 0 G D __.| 9 |

: : Il -Ex 0! Ax  By| |V~ W

! : : 1 0 0] G Dy Qv [Qn

Mv—] T \_E_/

where the missing entries are zero and where the matrices A;, By, Ci, Dx and E, characterize the SC
network and are determined by accumulating the stamps of all branches as described in References 1
and 3.

The equations (2) contain N blocks, one for each phase. In each block the first part consists of node
charge equations and the second part are the constitutive equations of voltage sources, dependent sources
and switches. Let M be the inverse of the matrix in (2), call it the z-domain transfer matrix and partition
it accordingly into

Gy Hi| Gy Hp | -+ Giv Hiy|

Ku Ly, K Ly | | Kin  Lin

Gu Hu| Gy Hyp | ') Gow How

Ki Lo | Ky Lo | ) Kov Low e
M= |- R N L

Gnvi Hni) Gnz Ha2 | -+ Gynv Haw

Kvi Lnvi| Kvz Lz | 0| Knv L

Fact 2. The frequency domain transfer function H (w) is the entry (if) of the frequency domain
transfer matrix H(w) which relates the branch voltage vector U(w) and the node voltage vector V(w)
and can be computed from

N —jw i jwt, faw ! —
H)= T {n)e ™ (3 emoiby@) «[ S v o) [Huo), @
where
vi(p) £ 2{sin [p (tc+1— te)/2) exp [jp (ter1— ) /21 Tp (5)
and the matrices Hy,(z) are given in (3).
Moreover the aliasing matrix is given by:
in/ j o i flaw~+ T
XG0 +ro) = T {nl@)e ] § ommamy el
k=1 =1
He(—n0) — v ()] exp [-nwsic Tk (00)} ©)

Fact 3.7 For any network & one can construct an adjoint SC network A. This can be used for an
efficient sensitivity and noise analysis. The setup of the adjoint network and several useful expressions
are given in Reference 2.
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3. EFFICIENT LU-DECOMPOSITION OF THE z-DOMAIN MNA MATRIX

For the solution of network equations AX =B, LU -decomposition or the method of Crout and Doolittle
is very often used. This is because the L and U coefficients can be stored at the same memory places
as the original matrix A. By using appropriate matrix reordering techniques sparsity in A often results
in sparsity in the L and U factors so that sparse matrix tech mques can be used in the solution process.
The advantage of this approach is that much less core- memory s required to store the matrix and that
the computation time increases linearly with the circuit complexity compared to a full matrix
implementation.

The z-domain MNA-matrix M™" can be partitioned as an N X N matrix consisting of submatrices F,
where:

F;#0, Vi=1...N-1
Fii1:#0, Vi=1...N-1
F1N¢0

and all other F; =0
So the z-domain MNA equations assume the form

Fi FINZ_I_ i X, 7] i Y. -‘
Fi  Fa X, Y,
Fi, Fa3 ‘ X, Y3

_ = (1)

) Fn_o1not Xn-1 Yna

L Fnnoa Fann J L XN LYn.

L f_l - N’ N
M 3 £

where F; is a main submatrix of phase i. For the MNA formulation the submatrices F;;, F;;, the unknown
vector X; and the source vector Y; are

N S IS W S MR M

From the assumptions made about the network topology we may deduce that the submatrices F;; are
all non- smgular Therefore one can perform the pivoting for non-zero dlagonal elements during LU -
decomposxtlon and the reordering for reducing the number of fillins'? in the sparse matrix storage
scheme gradually one timeslot i at a time on the main submatrices F;. Compared to the case where the
matrix (7) is treated as a whole this may result in small expense of some fillins, and in much more efficient
algorithms for pivoting and reordering. This is due to the fact that the complexity of these algorithms is
more than linear with respect to the matrix size.

Suppose that (7) has been gradually reordered for non-zero pivots and near-minimum fillins. After
LU decomposition of the first N — 1 phases, (7) becomes:

L1 Uy Uinz ™ X, Y,
Li2 Lo, 0 | Uy  Unz™! X2 |_| Y2 8)
0 LNN—l I 0 FNN+PZ_1 XN YN

where all L; are lower and all U; are upper triangular submatrices. Remark that up to this point no
value for z ! has been specified. Thus, for a frequency analysis the LU -decomposition of the submatrices
of the first N —1 timeslots need only be done once!
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Hereafter the decomposition Lyny Unny =Fyn + P2z ~1 of the last timeslot submatrix can be done for every
frequency value w of interest (z ' =e™™7) followed by a forward and backward substitution.

In a computer implementation using sparse matrix storage, the LU factors in (8) can be stored in the
same pointer system as that used for (7). Of course the submatrices of the last phase Fan, P, Lan, Uny
cannot be treated the same way but can be stored in an extended storage place of the original pointer

system.

4. EFFICIENT MATRIX COMPACTION

4.1. Generalities about matrix compaction

The compaction process described below is very general in the sense that it can be applied to all matrix
equations of the pencil form:

[A+z7'BX=Y 9)

where z ' is a complex parameter or a linear operator. In our case the matrices A and B are directly
obtained by accumulating the contributions of the stamps of the components.

In this section an efficient algebraic matrix compaction algorithm is described which usually yields a
matrix for SC circuits which is smaller than the sum of the number of applied excitations and observed
output variables in the different phases plus the order of the prototype filter. This matrix compaction
technique results in matrices which are most often smaller than these obtained by topological methods
for matrix compaction of SC-circuits® and considerably smaller than these obtained in other approaches
which do not take any advantage of matrix compaction.®™®

Observe that our topological assumptions guarantee that equation (7) can be solved and the matrix A
will be non-singular.

In the compaction process which is described below, certain internal variables and equations in (9) are
removed by Gauss elimination. This removal can only be done for these variables and equations that
are of no further interest for the ensuing calculations. After compaction, certain rows and columns in
(9) are eliminated by Gauss elimination and (9) is reduced to

[A'+27'BIE = (10)

The method presented in this paper makes full use of the structure of the z-domain matrix (2). After
compaction the compacted matrix (10) will still be in a similar form to (2).

The variables in the solution which are of further interest are the desired output variables and certain
variables necessary for the sensitivity analysis. The variables in the right-hand side which are of further
interest are the non-zero components. Corresponding to these two sets of variables the matrix has certain
‘columns and rows of interest’.

Notice the duality between rows and columns in the elimination process because of the use of the

adjoint switched capacitor network.

The analysis below can even be adapted to the time-domain analysis of ideal SC circuits, (which do
not have transient effects due to opamp poles or switch resistances) by a back transformation of the
z-domain equations (9) to the time domain where the z - operator corresponds to a delay in time:

AEnT)=-BE(n-1DT)+{(nT) (11)
Variables in different phases of the solution vector £ must of course be positioned into the right time
sequence.
4.2. Algebraic observations about Gauss elimination and LU-decomposition of a set of equations (9)

In this section some observations are made concerning LU decomposition and Gauss elimination
which can be used in the compaction process.
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In order to facilitate the use in a computer program both CPU time and memory requirements have
to be taken into account. To avoid large memory storage, sparse matrix techniques have to be used, but
also redundant storage has to be avoided. Therefore we use LU decomposition where the LU factors
are gradually stored in the space of the original matrix A as A*=L+U—I. The next theorem provides
conditions which allow an interleaving of an LU -decomposition of a part of a matrix and Gauss eliminating
certain parts.

Theorem 1

Consider any set of equations AX = Y(A non-singular) which is partitioned as:

A A Anl X Y,
Ay Ay Aga| | Xz = | Y2 (12)
Az Ay As| XS Y

If A;; and A,, are invertible and Y,=0 and A;,=0 or A,; =0, then it does not matter whether one
first does a partial LU decomposition with A;; and then a Gauss elimination of X, with the second set
of equations or the other way round.

Proof. See Appendix L.

The requirements of this theorem are satisfied if one proceeds from the first timeslot to the (N —1)th
and performs LU-decompositions and Gauss eliminations within each timeslot in the z-domain MNA
matrix (2).

The second block row and the second block column correspond to the elementary rows and columns
in one timeslot i in (2) that may be eliminated. Only the equations without input source term in timeslot
i are eliminated and therefore the requirement of Y, = 0 is satisfied in that timeslot.

As already indicated in Section 3, we keep postponing calculations with specific values of z !, Therefore
matrix reductions will also be done as long as possible without specific values of z L

It is our intention to compact the equations of phase N so that the resulting equation is still of the
form (9). More generally it is possible, but not advisable, to compact further until transfer functions are
obtained if one works with formula manipulation in the field of rational functions of z.

In Appendix IT some definitions are given about A -row and A -column independence. Theorems 2 and
3 state how z ' independent rows and columns can be treated so that Gauss-elimination will only generate
matrix elements with terms in z' where i =0 or —1. Theorems 4 and 5 state under which conditions on
the rows and columns these properties are preserved.

Observe that the columns contained in the N — 1 first block columns of matrix (2) do not depend on
2. This allows the performance of Gauss eliminations which are valid for all z7'. Also LU decomposition
may be performed when taking pivot elements in parts which do not depend on z7" because LU-
decomposition is essentially the same as Gauss elimination.

In the last block column the columns corresponding to the charge variables are also z '-independent.
The rows in the last block column corresponding to the branch constitutive relations are also z 3
independent.

With the above observations in mind the compaction process for the z-domain MNA matrix (7) is
derived in the next section.

4.3. The compaction process

Depending upon the available computer memory the compaction of the equations of the first N —1
phases can be done one at a time (gradual) or all at once. If compaction is performed gradually less
memory is necessary but more sparse matrix fillins are generated in the reordering process. If compaction
of all first N —1 timeslots is done at once fewer fillins occur but the ordering and pivoting algorithms
will take more time. The time necessary for matrix reordering and pivoting increases with the third power
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of the submatrix dimension to be ordered. Therefore for circuits with many timeslots it is better to use
the gradual compaction process. In the DIANA program both kinds of analyses can be specified (default:
gradual, can be overridden by the ‘—GRADUAL’ option).

When it is said in what follows that processing (such as reordering, LU -decomposition and Gauss
elimination) is done on a certain part of a submatrix F;; in (7), all the submatrices which are in the same
row or column must also be processed according to the selected operation. E.g. in the LU -decomposition
of matrix F; also the elements of the matrix F; and F;,,; are processed at the same time. This must be
done of course because they are part of the same matrix (7).

Step 1. Preparation.
1. Set up and enter the submatrix F;n in the sparse matrix system.
Step 2. Compaction of the first N— 1 phases.

Perform fori=1...N —1 steps 2.1 t0 2.8

1. Matrix set up: Set up and enter the main submatrix F;; and the coupling submatrix F,,;; of the
timeslot 7 in the sparse matrix system.

If i is equal to N —1 then also set up and enter the main submatrix of the last timeslot Fay in
the sparse matrix system. This will allow to determine a better ‘pseudo’ minimum number of fillins
during the reordering process.

2. Marking of rows and columns: ‘Mark’ the rows in F; corresponding to input sources in the direct
network and desired outputs of the adjoint network in timeslot i, so that they cannot be eliminated.
In the following all rows and columns which may not be removed by Gauss elimination will be
‘marked’. The remaining rows and columns are ‘unmarked’ and can become candidates for the
Gauss elimination in the compaction process.

Mark the columns in F;; corresponding to desired outputs in the direct network and input sources
of the adjoint network in timeslot /, so that they will not be eliminated.

3. Singleton algorithm:'* Reorder singletons (rows and columns with only one non-zero element) which
are one in F;; in the first part of the matrix F;;. These singletons can be assigned as initial pivots for
either ‘unmarked’ rows and columns or marked rows or columns. The singletons originate either
from grounded voltage sources and grounded closed switches or from current sources and open
switches. Delete rows and columns corresponding to singletons of unmarked rows and unmarked
columns.

4. Preliminary pivot selection: Perform a pivoting algorithm on F;; in order to obtain u mulrix diagonal
which is different from zero during the LU -decomposition process. For this purpose the algorithm?
can be applied to the SC-circuit in each timeslot i,

5. Construction of a submatrix with free pivots: At the beginning of the step no pivots are free. Make
pivots free which correspond to rows and columns which are unmarked and order them in the
upper left corner of the matrix F;,.

6. Reordering step of the freed pivots: Reorder the pivots of the freed part in order to cause a ‘pseudo’
minimum number of fillins in the sparse matrix system'” during Gauss elimination or LU -decomposi-
tion.

7. Gauss elimination: Perform a partial Gauss elimination of the whole matrix (7) with pivots that
have just been freed. Hereafter entries of the sparse matrix system corresponding to eliminated
rows and columns can be deleted in a garbage collection in order to obtain an efficient memory
use and fast execution time.

At this point the original pivots of the remaining matrix either have a marked row or column.
However by performing a column and/or row interchange a new submatrix with free pivots can be
constructed in the upper left corner. For numerical reasons the new pivots are chosen so that their
absolute value is greater than a certain threshold value Vr. If there is at least one pivot freed in
this search then repeat steps 2.6 and 2.7.

8. LU decomposition of the remaining submatrix: Reorder the remaining non-feed part of F; for a
minimum number of fillins, and perform a partial LU decomposition in this part.
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At this point in the compaction process the matrix equation (2) is now reduced to :
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Step 3. Compaction of the last phase.

1.

=

Marking of rows and columns: Mark rows in Fxn corresponding to input sources and desired outputs
of the adjoint network in the last phase. Mark columns in Fyy corresponding to input sources of
the adjoint network and desired outputs of the direct network in the last phase.

. Singleton algorithm: Detect singletons and order them in the first part of Fyn. Delete rows and

columns corresponding to singletons of unmarked rows and unmarked columns.

Preliminary pivot selection : Select pivots in the last part of Q in order to obtain a non-zero diagonal.

Row algorithm :

1. Construction of a submatrix with free pivots. Make pivots free which correspond to unmarked
rows which are z " '-independent and to unmarked columns. See in Appendix II for the definition
of z *-independent row and column. Notice that rows of Cx and Dy are z '-independent during
the first pass of the row algorithm.

2. Reordering and Gauss elimination of the free pivots. Reorder the last free pivots for a minimum
number of fillins. Perform a Gauss elimination on the free part. Delete the matrix entries
corresponding to the eliminated rows and columns. This can be done all at once because Theorem
4 in appendix II guarantees that z “Lindependent rows remain z '-independent during Gauss
elimination.

3. Construction of a submatrix with free pivots. Examine for unmarked rows if they are z L
independent and see if a column interchange of the pivot column with an unmarked column can
result in a new free pivot. Search all new pivots in this way. The new pivots are chosen in Q (13)
so that a strong diagonal can be maintained. If there is at least one pivot free in this search then
repeat from the reordering step in this row algorithm.

. Column algorithm: dual to the row algorithm step 3.4. Repeat row- and column algorithms until

no additional pivots can be freed and eliminated anymore.

At this stage still a row and column algorithm could be performed but now also with marked rows
and marked columns and by using LU decomposition instead of Gauss elimination and without
deleting matrix entries. This would result in the fact that for each frequency value an LU decomposi-
tion has to be done on a minimal dimension matrix. This step is not implemented in the current
DIANA version because only little computational gain is expected here.

. Reordering and LU decomposition of the remaining part: Reorder the remaining rows and columns

of phase N so that a minimum number of ‘fillins’ is created by LU decomposition of this part.



MATRIX COMPACTION TECHNIQUES 249

The result of this compaction process can be written as:
[6 W5 T weaells MR)-[] as
o s lo H+z'pllo wilxid Lya

where L is a lower triangular matrix and U is an upper triangular matrix. Only the real matrices L, U,
Q, R, H and P need to be stored.

By using this matrix compaction algorithm, the z-domain MNA-matrix can usually be compacted to
a matrix whose size is equal to or smaller than the sum of the number of desired inputs and outputs in
the different timeslots and the number of independent capacitors in the last timeslot. For two phase
SC-circuits this number is usually equal to the order of the reference filter.

Because the interleaved Gauss elimination and LU -decomposition is performed in one phase at a time
the above algorithm is linear in the number of phases.

The matrix compaction requires a minimal effort because one only needs to select the equations to be
compacted and eliminate them by Gauss elimination. The operations in the Gauss elimination are the
same as in LU -decomposition in this interleaved process, only they have a bigger scope. In the last phase
part an additional search for z ™" independent rows and columns needs to be done.

4.4. Solution process for a certain wn-value

Step 1. For any wn, set z = e’mT and perform the LU decomposition of the last phase, which is useful
for all excitations Y, Yi. Since the matrix M is non-singular for almost all values of wn, this LU
decomposition can be performed:

H+e ™ P=LyUy

Step 2. For any excitation Y', Y the response X', X/, can now be computed as follows:

Z=L"'Y'
~=YN—QZ
Xv=UN'LN'Fy (15)

M=Z-e¢~"RX}\
X'=U"'M

The reader can verify for himself by simple substitutions in (14) that this is indeed a correct solution.

If one is interested in a solution of the adjoint equations, step 1 does not have to be repeated. If the
contributions of the different phases to the vectors X and Y are organized in decreasing order of switching
phases, we have to solve M ' "X =Y. Using the matrices of (14) this equation can be decomposed as:

[0 Mers wrtwrlle SI Mid-[5) a9

This allows description of the different computations for the adjoint network.
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Step 3. Compute

Z=U"'Y

Fi=Yi-e"R"Z

X =Ly 'Ur ', (17)
M=Z-Q"X}

X=L""M

Careful inspection shows that the number of computations required by this algorithm increases linearly
with the number N of phases. This is certainly important for circuits with many phases, but also for
circuits with two phases the algorithm is very fast.

Observe that the matrix P characterizes the essential signal circulation phenomena of a SC network.

4.5. Graphical interpretation of this matrix compaction algorithm

The matrix reduction method used in this paper has a purely algebraic nature It has the advantage
with respect to purely topological matrix reduction methods such as those used i in’ that matrix reduction
can be carried out much further because the reduction is not restricted to nodes with their corresponding
node equations.

For nodal matrices elimination of equations and variables with pivots on the diagonal can be interpreted
as a star-mesh transform.*'> When using off-diagonal pivots and with the MNA~matrlx such a representa-
tion is not adequate any more. Then a digraph representation must be used.' chond this argument
which is valid for time-invariant as well as time varying networks there is another argument which is
related to the periodicity of the network and the way the z-domain MNA equations are set up. To each
node correspond N equations and variables, one for each phase. Because the compaction is algebraic,
one has the flexibility to eliminate some of the N and keep the others, which is not the case for topological
reductions.

5. EFFICIENT ORGANIZATION OF FREQUENCY, ALIASING AND
SENSITIVITY COMPUTATIONS

We show that only two sets of linear equations of the form (14) have to be solved at each wn of interest
in order to obtain the frequency, aliasing and sensitivity characteristics at w,. Our algorithm makes full
advantage of the following observations. The frequency and aliasing characteristics require linear combina-
tions of certain entries of the matrix M. These entries and those needed for the sensitivities can often
be computed more efficiently from the matrix M7 of the adjoint switched capacitor network. By choosing
the excitation Y appropriately certain linear combinations are automatically obtained in (14). The
contribution from the continuous coupling can be obtained by setting z = o in (14).

Step 1

Apply an excitation Y where component j of Uy is 1 and all other components of Y are zero. Solve
(14) with z = 0. The solution X is then partitioned into N vectors.

[xk] [m(°°)] fork=1,2,...N

o ())( )

where S stands for the > jth column of the matrix 8.
Apply an excitation Y where component i of Wi, k = N —k+1is 1 and all other components of Y
are zero and solve these equations for z = 00, The solution X is then partitioned into N vectors.

P[] e

L1 00)
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Step 2

Solve (24) at each wn, for the original circuit under the following voltage excitation in branch j (not
to be confused with the j = N, (=1).

UV =gl forl=1,2,...N

and all other components of Y zero. The solution X is then partitioned into N vectors with

Ak] S et [ H) (e™=" ]
= “@mii+1 fork=1,2,...N
[Ek 121 © Ly (e™mT or

Solve the adjoint equations at w, for

Wz) =vi(wm) e %1 fork=1,...N

where

vie(p) =2{sin [p (tr+1—t)/2] exp [jp (tc+1—1)/2H/ T

and all other components of Y zero. The solution is then partitioned into N' vectors with

Aq_ X ot | G (€5
[i:]=k§1 (o) & ”tk“[xfg,”(e'“’ T)] for/=1,2,...N

Step 3

The desired information at w,, is then obtained by making the following combinations
an N e €0, o [t 5
H (wn)= Y 12"+ ¥ | ———vilwm) |G (f) (18)
=1 k=1 T

s N . -~ . N .
XV wm omtno)= ¥ e 504 3 [n(—nw) - vilwn)] e 1G5 ()
= k=1

where x'” is the jth component of the vector x.

As an example of the computation of sensitivities we give the sensitivity of H'” (w.,) with respect to
the variation of the amplification A of a voltage controlled voltage source, where the voltage in branch
q is A times the voltage of node m with respect to node »

H(u) A (@) A (m) (n) <
(wm) = Hwo L, Z SPAM-AM)- T

t -t
) ( k+1 7" e vy (wm))c(q)(kim)_hgcn))]

T

Another useful sensitivity is that with respect to a parameter A which affects all capacitors

) A aA
szl\-lm)(wm) =H”“( [ Z AT ]
N-1 - A’_‘_ _ A
+ Y AT, Qe y oo TATa Ay
r=1 al‘
Ny A
-3 ("“T t"—vk(wm))(mf uxk)

where 9A,/dA is known from the design. Observe that also this sensitivity is obtained with the solutions
of two sets of linear equations at wn, (step 2).
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6. APPLICATION AND COMPUTER IMPLEMENTATION

6.1. Example 1: a first order lowpass filter

This first example is used to illustrate the compaction process which is described in 4.3.
A first order two timeslot SC lowpass filter is shown in Figure 1. Suppose that one wants to know the
transfer function from a voltage source in node 1 in timeslot 2 to node 3 in both timeslots.

v,%‘® ﬂpi

as,l

1 T
¢2I

L 1 I

N T

Figure 1. First order 2-phase SC lowpass filter

In the following we refer to elements in the matrix by their original row and column numbers as
indicated in (19), even if the rows and columns are reordered in the matrix or if some other rows and
columns have been deleted.

After steps 1 and 2.1 the z-domain MNA-matrix has been set up as shown in (19). The input is only
applied- during the second timeslot. Therefore we set V;; =0 and only equation 4’ needs to be marked
(step 3.2). The output node 3 is observed during both timeslots, therefore column 3 and 3’ (afterwards
in step 3.2) are marked. The marked rows and columns are indicated by a # -sign.

After the application of the singleton algorithm (step 2.3) in the first timeslot submatrix, the singletons
(4, 1), (1,4) and (5, 5) are reordered first in the first timeslot submatrix. All of the rows and columns of
the singletons are unmarked, so they can be deleted from Fy;.

Now the pivoting algorithm is done on the remaining part of Fy; (step 2.4). Here Fy; is reordered so
that the next pivot elements: (2, 6), (3, 3) and (6, 2) appear on the diagonal.

In step 2.5 pivots (2, 6 and 6, 2) are made free. Pivot (3, 3) is not free because column 3 is marked.
After the reordering of the freed part in step 2.6 the matrix looks like:

# #

12 3 45 6 1 2 3 4 5 6 _
1o o 0 10 0,0 0 0 Lo o o [va] [o]
2 o o -C 0 1 'lo ~Ciz 7t Cyzt : 0 0 0 Var 0
3010 -0 Gi+C, 100 =110 Cz7° (-Ci=Cz'1 0 0 0 Va1 0
4 |10 0 6_6"_0'*,_0""6 _________ 0 0 o0 ofl| o, Vi
510 0 0 :0 1 0 :0 0 0 : 0 0 0 Q21 0
6 |0 -1 100 010 0 0 10 0 0 Qs 0
rlo 0o o Joo o,0 o ° o T 1 ol Vel o (19)
2o - o :0 0 o : 0 C, -C : 0 -1 0 Vi 0
3|0 ¢ -C-CG10 0 010 -C Ci+C, 10 0 0 Vs 0

#4 |0 0 ¢ o joo o1 o 77 0 10 o0 o|l|lonl| V.
510 0 o loo o : 1 -1 0 } 0 0 0 Qx 0
6 Lo o 0 100 010 0 0 10 o 1l Lo, Lol
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# #
i 2 3 I 2/ 3 4 5 6
211 G -G e Gz Ciz!
6 1 -1 .
3|-1 -G Gi+Gy |- Ciz7!' —(C1+Cyz7t
U s = w - R 1 1 =«
2 -G G- C -G =1 (20)
3/ Ci -Ci-Gl- -G Ci+C, .
#4' 1
5’ 11 -1
6 | I 1]

Now a partial Gauss elimination is done (step 2.7) on the whole matrix with as (freed) pivots (2, 6) and
(6, 2). Then the rows and columns corresponding to these pivots are deleted.

There are no unmarked columns any more in the non-free part. The compaction process is finished
for timeslot 1 and an LU-decomposition can be done on the non-free part (pivot (3, 3)) of Fy;. The
matrix is now reduced to:

# # # #
301 2 3 4 5 @ 3 1 3 4 5 ¢

3T s » @ » & «f JC! - - G - .

1 1 ; : : 11 -

2 | 1 = ! & -G Co-1 . 21)

3| -1} 1 - .' -C, C+Cr—z7'C, -

A4l | - ;
5 i 1 [ T |
6 | - i 1] [ 1]

Step 3 of the algorithm can start the compaction of the last phase. The singletons (6, 6'), (1, 4) and
4',1') are ordered first (step 3.2). The rows and columns corresponding to the singletons (6', 6') and
1', 4') can be deleted from F,, because they are unmarked. In order to obtain a non-zero diagonal the
vivots (2', 5), (5', 2') and (3, 3') and singleton (4', 1) are placed on the diagonal (step 3.3).

In the application of the row algorithm it is found that rows 2', 5" are z '-independent and unmarked
step 3.4.1). These rows are reordered, Gauss eliminated and deleted by using (2', 5') and (5, 2') as pivots
step 3.4.2). Now the original matrix has been reduced to:

# o # # #
3 3 v 3 3 1
371 1. - C,'  —Cyz! .
B sl e = @)
3' —111 . . —1|C1+C2‘C22 —C1
# 4/ : 1 | 1

n the application of the column algorithm (3.5) it is found that column 1’ is z '-independent. This
>olumn and row 3’ can be eliminated by Gauss elimination by using element (3', 1') as pivot. At this
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stage the compaction process is completed and the compacted equations are given by:

# # # #
3 3 3 3
3 L1 10 [Cl__ =Gz J[Va] [0
| | -1
|C+ —
#4' "'l/Cl : 1 0 i ,I—C?C.‘_.(_:‘.g.z_ Vaz Vi (23)
| I 1

Notice that by interleaving matrix compaction and LU -decomposition, the reduced matrix is already in
LU -decomposed form for the first N —1 timeslots. For this simple example, the matrix (19) of 12x12
could be reduced to a 2 X 2 matrix (23).

6.2. Example 2. Third order lowpass filter'®

Figure 2 shows a third order reference filter.'® This filter is converted into the SC-filter in Figure 3
according to the principles described in Reference 18. From the clocking scheme in Figure 3 it is seen
that there are 12 phases. The opamp has been modelled with a finite amplification of 1000. This circuit
results in 348 z-domain equations.

Rl R2 R3

Figure 2. Analogue reference filter of a third order elliptic lowpass filter

For the analysis of the transfer function from the input node in timeslots 1 and 7 to the output node
in timeslots 6 and 12, the z-domain MNA-matrix is LU -decomposed and compacted with the above
algorithm as implemented in DIANA.SC from a dimension of 348 x348 to 9Xx9. This dimension
corresponds to the number of input sources in the different timeslots (=2) plus the number of output
nodes in the different timeslots (=2) plus the number of independent capacitors in the last timeslot (=5).
This last number is equal to 5 because capacitors CI, C0, C3 and C4 form a loop in the last timeslot
and therefore one capacitor voltage will be dependent upon the others. The resulting number of matrix
entries is 57. This compaction took 26-1s VAX 11/780-cpu time. An analysis with this matrix over 100
frequency points took 12.2 cpus.

Figure 4 shows some analysis results of this filter which were obtained by the DIANA.SC program.
Plot (a) shows the amplitude and phase characteristics of the transfer function from all the timeslots at
the input to all the timeslots at the output node as defined by equation (4). Plot (b) shows the sensitivity
of the transfer function to a parasitic capacitance in node 12 defined as:

Plots (c) and (d) show the sensitivity of the transfer function to the element values of capacitor C3 and
the opamp. Finally in (e) the group delay and the amplitude slope is given. The matrix for this whole
analysis could be compacted to a dimension of 63x63. This compaction took 25:7s cpu time. The
complete analysis in Figure 4 took 20-6 s cpu time over 100 frequency points.
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Figure 3. Third order SC elliptic lowpass filter with 12 phases and associated clocking scheme
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7. CONCLUSIONS

I

255

In this paper we have presented several techniques which are combined in a very efficient algorithm for
switched capacitor circuits. This is accomplished by using the z-domain MNA-matrix formalism. The
gradual compaction of the z-domain MNA-matrix, by the use of the adjoint network and the appropriate
organization of the calculations results in a very efficient and handsome tool for the computation of
sensitivities, frequency- and aliasing characteristics. No constraints on the number of phases, duty cycles
and continuous I/O-coupling were imposed. The algorithms have all been implemented and tested in
the user oriented switched capacitor analysis program DIANA.SC.
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Figure 4(d). Sensitivity of the transfer function to the gain of opamp XV1
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The above algorithms form the basis for the direct time- and frequency domain analysis in DIANA.SC.
This allows the efficient computations of transfer functions, aliasing functions, sensitivities of the transfer
functions to capacitor values, to parasitic capacitances and to values of the four kinds of dependent
sources, group delay analysis and amplitude slope analysis. Different analysis operation modes and options
are possible as pointed out in Reference 5.

APPENDIX I. PROOF OF THEOREM 1 FOR THE CASE A,;=0
If a partial LU decomposition is performed first, one obtains

Ly 0 0] Uy, U, Unsl|X; Y,
0 1 0 * 0 A22 A23 X2 s 0 (24)
Ly 0 1 0 Us Us;|lX; Y3

with
A =L Uy, Ly = A31Uf11, U= LI11A12, U= L;llAls (25)
Usz=Aj— A31A;11A12
Uss = As; —A31Af11A13
This set of equations is equivalent to:
Un U Uil|l|X Li: 0 0]Y,

0 A22 A23 X2 . 0 1 0 0 (26)
0 Us Ussf|Xs| |[~LuLii 0 1]|Y,

In order to perform a Gauss elimination of X, with the second set of equations, we use the invertibility

of A,, and obtain:
[Uu Uu—UuAﬁAnHXﬂz[ L 0HYq 27
0 Us;-UpnAjnAullXs) L-Li;Ly 1ly,

Conversely the Gauss elimination of X, using the second set of equations of (19) provides:

[Au Aw—AuAﬁAnﬂxq_[Yﬂ

Asi Ass—ApA A Ly,

X, (28)

['he LU decomposition of the first set of equations in (28) produces:
[ 0% el @
L31 I 0 U33 X3 Y3

Uskl = L;ll(AB - A12A521A23)
U =Ass— ApAn Az —Ly L (A — AnAz Ags)

vith (25) and
(30)
[his set of equations is then equivalent with:
[Uu U;qu=[ Lii OHYq 31)
0 UHKIlx, _L31L;11 1I1Y,

Jsing (25) and (30) one can easily verify that (27) and (31) are exactly the same equations as claimed
n the Theorem. O
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APPENDIX II. A-INDEPENDENCE IN THE COMPACTION PROCESS
Consider a matrix equation:

(A+AB)X=Y (32)

where Y is the excitation vector, X is the unknown vector and A is a non-singular (n X #) matrix and B
is an (r X n) matrix that may be singular. A is a complex parameter or a linear operator.

Definition 1

A rowi of A, B, Y in (32) is said to be A-independent if the excitation y; =0 and if there is a constant
v; of such that

b,-,~=y,-a,-,- forj=1...n
Hence (1+Ay;) is a common factor in equation / and can be eliminated by a division.

Definition 2

A column j of A and B in (32) is said to be A-independent if the variable x; is of no interest and if for
all elements a; (i=1...n) of A and all elements b; (i =1...n) of B the following condition is satisfied.

b,-,-=y,-a,~,- fori=1...n

This implies that (1+Ay;) is a common factor of the variable x;. Therefore x; can be scaled by (1+Av;).

Observe that the factors y; (and ;) in Definitions 1 and 2 are finite because the converse would imply
that all a; of row i (resp. column j) are 0. This is not allowed because the matrix A is assumed to be
non-singular.

Theorem 2

If a row i is A-independent and if B’ is the matrix which one obtains by setting all elements b;
(f=1...n) of B equal to zero, then the equation:

(A+ABYX=Y (33)
is equivalent to (32).

Proof. Row i in matrix equation (32) is given by:
é. a;+A é, Bt = v (34)
But because row i is A -independent y; =0 and b; = y.a; equation (34) can be replaced by:
(1+Ay) .il =0 (35)

i=

Dividing (35) by (1 + Ay;) produces:

Hence (32) and (33) are equivalent. O
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Theorem 3

If a column j is A-independent, and if B’ is the matrix which one obtains by setting all elements b;; -
(i=1...n) of B equal to zero, then the equation with

x;=xi(1+/\7i)7 x;¢=Xk, k=1""n’k¢j

(A+AB)X'=Y
is equivalent to (32).

Proof. Denote by
Z"a1=(2 a:)—a,-
=1 I=1
the summation over all a; except a;. The kth equation of (32) can now be written as:
l;i (@ + Abr)xi + (aw + Abij)x; = yic (36)

By substituting the A -independent part of column j
bkj = YiQkjs (k =1... n) (37)
into (36) and replacing x; by x;/(1+Ay;) we obtain

IZ P (@ + Ab) X+ agx ! = i (k=1...n)
=1
In this equivalent matrix representation we notice that all b;;-terms are equal to zero. ]

Theorem 4

All A -independent rows of (32) remain A -independent if Gauss elimination is applied on one of these
A -independent rows.

Proof. Let row i and k be A -independent. Then according to Theorem 2 they can be written as:

'21 ax; =0 (38)
P

]

AgiXj = 0 (39)
=1

If a variable x; by use of equation (38) (a;#0) is Gauss eliminated in the remaining equations, the
A -independent row (39) is replaced by:

n a
.le (aki - a—’_"l au‘)xi =0 (40)
1= i

According to Definition 1, this row k is A -independent with y, =0. O
Theorem 5 '

All A-independent columns of (32) remain A-independent if an unknown variable corresponding to a
A -independent column is Gauss-eliminated.

Proof. Let columns j and / be A-independent. According to Theorem 3 the equations can then be
written as;
Y M (@ + Abm)Xm + @ik Fawxl =y (k=1...n)

m=1
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Suppose that unknown variable x; will be eliminated by use of equation i (a; # 0). The remaining equations
are now replaced by:

Y [(akm - a_k,-a,-,,.) +/\(bkm _b jm)]xm +(ak, - ak’aﬂ)x; = ( - ?z_H)yk’ (k=1...n,andk #j)
m=1 1

if ajj if
(41)

From Definition 2 the A -independent column / is still A-independent with y, =0.

Remark. Notice that the Gauss elimination of A-independent rows does not guarantee that A-indepen-
dent columns preserve this property and vice versa.

Theorem 6

A Gauss elimination of a A-independent row or a A-independent column in equation (32) results in
an equation of the form:
(A'+ABX' =Y

Proof. The proof of this theorem is analogous to the proof of Theorems 4 and 5.
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