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Introduction

Role in Discrete-Time Systems
z-Transform is the discrete-time counterpart of the Laplace transform.

Response of Discrete-Time Systems
If the system
2y[n] + 3y[n-1] + y[n-2] = u[n] + u[n-1] - u[n-2] forn=0,1, 2

The response of the system is excited by an input u[n] and some initial
conditions.

The difference equations are basically algebraic equations, their
solutions can be obtained by direct substitution.

The solution however is not in closed form and is difficult to develop
general properties of the system.

A number of design techniques have been developed in the z-Transform
domain.
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z-Transform

Positive and Negative Time Sequence

A discrete-time signal x[n] , where n is an integer ranging (-

oo<n<m), is called a positive-time sequence if x[n]=0 for n < O; it

is called a negative-time sequence if x[n] = 0 for n > 0.
We mainly consider the positive-time sequences.
z-Transform Pair

The z-transform is defined as
X(z)=Z[x[nll= D x[alz""

where z is a complex variable, called the z-transform variable.

Example
x[n]={1,2,57,0,1}; x[n] =(1/2)" u{n}
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z-Transform (c.1)

Example

f[n] = b" for all positive integer k and b is a real or complex number.

F(z) = Z f[n]z " = Zb“ Z(bz_l

| ‘bz ‘ < 1 ’rhen the |nf|n|’ry power series converges and

1 Z
F(z) = =
(2) 1—-bz™* z—Db

The region ‘b‘ < ‘Z‘ is called the region of convergence.

Unit Step Sequence

The unit sequence is defined as 1 forn = 0,1, 2,
gln] =

O forn<O
The z-Transform is

Exponential Sequence <. 4 1
P a QI=Dz"=—"—

f[n] = e ot T 12 ¢

1

P
&

F(z) = iea”z_” =
n=0

1_ eaTZ—l
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z-Transform (c.2)

Region of Convergence

For any given sequence, the set of values of z for which the
z-transform converges is called the region of convergence.

Viewpoints

The representation of the complex variable z

7z = rel®
Consider the z-transform

X (rel®) = io:x[n](rej“’)_n

Nn=—o0

Convergent Condition

Z|x[n]r‘”| < oo

N=—-—oo

ROC includes the unit circle
==> Fourier Transform converges

/

Convergence of the z-Transform
==> The z-transform and its derivatives
must be continuous function of z.

-
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° Im
Unilateral z Transform <)

rel<?
I r
7.2.2 The z-Plane . Q Re(z)
2. If x[n] is absolutely summable, then the
DTFT obtained from the z-transform by
: - o z-plane
setting r = 1, or substituting z = e!®into
Eqg. (7.4). That is, Im{z}
jQ = e/
X(ej ):X(Z)|z=eiﬂ, (7.6) -
3. The equation z = el? describes a circle 0
of unit radius centered on the origin in 0 T Relz)
the z-plane.
Fig. 7.4.
Unit circle in the z-plane. Z-plane

% The frequency Qin the DTFT corresponds to the point on the unit circle at

an angle Q with respect to the positive real axis. )
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Unilateral z Transform

Determine the z-transform of the signal

1 n=-1

2, n=0
x[n]=< -1, n=1

1l n=2

0, otherwise

Use the z-transform to determine the DTFT of x[n].
<Sol.>

1. We substitute the prescribed x[n] into Eq.
(7.4) to obtain

X(z)=z+2-2"+12".

2. We obtain the DTFT from X(z) by substituting z = el€:

X(e"Q)zejQ +2 e 192 y eI
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Unilateral z Transform

7.2.3 Poles and Zeros

1. The z-transform in terms of two polynomials in z;

-M
by +bz,+...+by,z

X\z)= : ~
) a, +a,z " +...a,z" /—‘ where b=h,/a,=gain factor

, B E)Hrzl(l—ckz‘l)
o X(z)= Hlil(l—de‘l).

2. The c, are the roots of the numerator polynomial = the zeros of X(z).
The d, are the roots of the denominator polynomial = the poles of X(z).

3. Symbols in the z-plane:
x = poles; O = zeros
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Unilateral z Transform
S

Example 7.2 z-TRANSFORM OF A CAUSAL EXPONENTIOAL SIGNAL
Determine the z-transform of the signal
x[n]=a"u[n]

ol Depict the ROC and the location of poles and zeros of X(z) in the z-plane.
<Sol.>
1. Substituting x[n] = a"u[n] into Eq. (7.4) yields

X(z)= i a"uln]z" = Z(%)n

o0
N=—o0 n=0

2. This is a geometric series of infinite length in the ratio a/z; the sum
converges, provided that |a/z| < 1, or |z| > |a]. Hence,

1
X(z)= = |7|>|e]
1-az (7.7)

-2 [4>a|
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Unilateral z Transform

: a=a
3. Thereisthus apoleatz=aand a

zero at z =0, as illustrated in Fig 7.5.
the ROC is depicted as the shaded
region of the z-plane.

Im{z}

Re{z)
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Unilateral z Transform

Example 7.3 z-TRANSFORM OF A ANTICAUSAL EXPONENTIOAL SIGNAL
Determine the z-transform of the signal
y[n]=-a"ul-n-1]
Depict the ROC and the location of poles and zeros of X(z) in the z-plane.
<Sol1, we substituting y[n] = - a"u[- n - 1] into Eq.(7.4) and write

o0

Y(z)= S —g"ul=n=1k 2. The sum converges, provide that
(Z) n;o “ u[ " ]Z |z/la| < 1, or |z] < |a]. Hence,
> (4] (21 <l
— it Z)=1— = | < |,
=\2) 21‘20‘ (7.8)
__y (2 =— |7<|q]
32)

Sl A
3. The ROC and the location of poles and zero are depicted in Fig 7.6.



Unilateral z Transform

1
X = : —1_
(&)=1— l>| Y(2)=1-——. [d<la]
__Z Z
=——— |{>]a} =——. ld<la
Im{z} Im{z)
/_‘ a=ao
Re{z} 5 Re{z}

z-plane

PSPLAB



Unilateral z Transform

Example 7.4 z-TRANSFORM OF A TWO SIDED SIGNAL

Determine the z-transform of

1

x[n]=—u[—n—1]+(§)nu[n].

Depict the ROC and the location of poles and zeros of X(z) in the z-plane.

<Sol.> Im{z}
1. Substituting for x[n] in Eq. (7.4), we obtain U
= (1) N n / L \\
X(z)= Y] > ulnz™ —u[-n-1Jz A N
N=—c0 | / \ \
! : 0 Re{z}
) 20 2 g O iV B
- - - - = — + - Z . \ \\ // /
n=0 27 = \ £ n=0 27 k=0 \\\ T //
1 1 \\.\ ,/// z-plane
X(z)= +1—1—, 1/2 <z <1 it



Properties of ROC

TABLE 4.1 SOME COMMON z-TRANSFORM PAIRS

Rational Function

Sequence Transform ROC
F)( 7 ) 1. 8[n] 1 All z
1
( ) — 2. u[n] T |z] = 1
Q(z) 1
E 3 —u[—n—13 T |z] <1
X. 4 8[n—m] z " All z except O (if m > 0}
or o (if m< Q)
1
n 5, a"u[n] e |z] > |a|
= n
X[n]=a"uln] x[n]=—-a"u[-n —1] i
6, —ad"u[—n—1] T |z] < \al
az” !
A A 7. na*u[n] a_a ) |z| > |a|
az—l
8. —na™u[—n — 1] T —az 12 [z] <|a]
1 — [cos we]z ™!
9. [cos wan]u[n] 1= [2cos ;aio]zo‘l e jz] =1
) [sin wg]z ™!
> > 10. [sin wonluln] T [oos m"]z_l —= |z| > 1
0.
1—[rcoswg]z™!
11. [ cos wan]uln] T—[Zreoswelz 4172 2 lz| >r
. [ sin wy]z~*
12. [r" sin won]uln] 1= [2r coswgle* + 722 |z] =
a, O<nsN-—1, 1 —a¥z "
13. {0, otherwise 1—az? = >0

e =\
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Properties of ROC

Properties
The ROC is a ring or disk in the z-plane centered at the origin, i.e., 0=z < ‘Z‘ SIS0

The Fourier transform of x[n] converges absolutely if and only if the ROC of the z-transform of x[n]
includes the unit circle.

The ROC cannot contain any poles.

If x[n] is a finite-duration sequence, i.e. a sequence that is zero except in a finite
interval = <N, <1< /N, S0 then the ROC is the entire z-plane except possibly z=0 or z= .

If x[n] is a right-sided sequence, i.e. a sequence that is zero for n<N,< 90, the ROC extends outward
from the outermost finite pole in X(z) to z= © .

If x[n] is a left-sided sequence, i.e., a sequence that is zero for n>N,>- o0, the ROC extends inward
from the innermost (smallest magnitude) nonzero pole in X(z) to (and possibly including) z=0.

A two-sided sequence is an infinite-duration sequence that is neither right-sided nor left-sided. If x[n] is
a two-sided sequence, the ROC will consist of a ring in the z-plane, bounded on the interior and exterior
by a pole, and, consistent with property 3, not containing any poles.

The ROC must be a connected region.

e S =\ AN 3



Properties

of ROC
I —

(a)
x[n] Im{z}

Re{z}

(b)
Im{z}




Properties of ROC

Im{z)

Im{z}

Re{z} Re{z}

(a)

Im{z}

Re{z}
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Properties Unilateral z Transform

1. Assume that
x[n]@X(z), with ROC R, The ROC can be larger
than the intersection if
y[n]«Z*>Y(z), with ROC R, one or more terms in
x[n] or y[n] cancel each
& The ROC is changed by certain operations. other in the sum.
2. Linearity:

ax|n|+by[n]«=—aX(z)+bY (z), with ROC at least R NR, (7.11)
& Time Reversal

x[—n]@x(lj, with ROC Ri (7.12)
Z

X

Time reversal, or reflection, corresponds to replacing z by z -%. Hence, if R,
Is of the form a < |z| < b, the ROC of the reflected signal is a < 1/|z| < b, or

1/b < |z| < 1/a.
PSPLAB



Properties Unilateral z Transform

& Multiplication by an Exponential Sequence tmlz] Im{z)

argic} arg(c) +arg{a}

1. Let o be a complex number. Then A Jallal

ld]
arg{d} lallel arg{d) +arg{a)

j,Wlth ROC |CZ| Rx 0 Relz] ; Re{z}

z-plane z-plane

Z
(94

a”x[n]@X(

2. The notation, |¢R, implies that the ROC boundar(ia)es are multiplied by |c(;i.

3. If R, is a<|z| <b, then the new ROC is |ala < |z| < |a|b.

4. If X(z) contains a factor 1 —dz~!in the denominator, so that d is pole, then
X(z/e) has a factor 1 — adz—tin the denominator and thus has a pole at od.

5.1f cis azero of X(z), then X(z/a) has a zero at ac.

6. This indicates that the poles and zeros of X(z) have their radii changed by ||

, and their angles are changed by arg{aj.

S = I\ =



The Unilateral z-Transform

I
71 Definition
X(z2)=Zlx[nll=D x[n]lz""

n=0

11 Time Delay
x[n] & X(z)
&
x[n—4k]1 25X (2)+ D x[—nlz""""

n=1

A—1
x[n+ k] ZI'[X(Z)—ZX[JJ]Z”}
=0

PSPLAB



Inversion of Unilateral z Transform

& Convolution
x[n]*y[n]«*—>X(z)Y (z), with ROC atleastR "R, (7.15)

1. Convolution of time-domain signals corresponds to multiplication of z-

transforms.
2. The ROC may be larger than the intersection of R, and R, if a pole-zero

cancellation occurs in the product X(2)Y(z2).

Im{z} Im{z}

arg{c} arg{c} + arg{a}
d
le] ld] laldl
arg{d} lal |l arg{d} +arg{a}
Refz) Re{z)
0 0
z-plane z-plane

(a) (b)

Figure 7.11 (p. 569)
The effect of multiplication by an on the poles and zeros of a transfer-fufiction. (@)
Locations of noles and zeros of X(z). (b) Locations of noles and zeros of X(z/co).



The Inverse z-Transform

Methods E(p) — —27% +52° +2° —62+3
Direct Division (2) = 72 _7_9
Partial Fraction Expansion

Direct Division

2 -2 -3 4
F(z) = -222 +3z +322+ 323 + 9z —21° + 31 +3+327°+9%2
zz—z—2>—224+523+22—62+3
flk1 = {-2,3,0,0,3,3,9, ..} 21" +21° + 47°

3°-3°-61+3

3 -3 -6z

Ex. 3/(z% -z -2

/22~ 2 -2 .

S =N AN



Inverse z-transform by Power Series

Expansion
B

Examplie 3.11 Inverse Transform by Power
Series Expansion

Consider the z-trar_lsfﬂrm
X(z) =log(l +az”"), |z > lal.

Using the power series expansion for log(1 + x), with |x|] < 1, we obtain

X ¢ qya+l,n,-n
X(Z)=Z( 1) nﬂZ .

n=l|

Therefore,

(_1)ﬂ+1£‘ n>1,
x[n] = n .
0, < 0.

PSPLAB



The Inverse z-Transform (c.1)

Partial Fraction Expansion and Table Lookup

[Ta-c.2zH , TT0-cz™
X(Z)Z k;l X(Z)Z 0 /(;1
Ja-d,z") DTTa-doz™)
](1 ](l
If M<N qnd the poles are all first order
X(="2 Z L
a S (-d.z") A, =(=dz7 ) X(2)] .y,

If M>= N and the poles are all first order, the complete
partial fraction expression can be

M-N N A
X(z2)= ) Bz +) ——F— A =(1-dzHX(2)| .
“(1-d.z") ‘

If X(z) has multiple-order poles and M>=N

A S C
X(z)= D). Bz"+ > £ +> z
r=0 k=1,k#1 (1_de_l) m=1 (1 _de_l )117

1 ds—m )
- I-dw) X : e . BV AN =
(s—m)!l(=d;)"" {a’W“” K=aw) Xtw )]}

-1
w=d,



Transfer Function

1. Output of LTI system:
y[n]=h[n]*x[n]  Taking z-transform  v[z]=H[z]X[z] (7.19)

2. Transfer function:

H|z]= viz] (7.20)

X[z]

&% This definition applies at all z in the ROC of X(z) and Y(z) for which X(z) is nonzero.

X[n] y[n] = x[n] * h[n]

LTI system,

h[n] or H(z)

B Sau b= § LN =



Transfer Function

Example 7.13 System Identification

The problem of finding the system description from knowledge of input and
output is know as system identification. Find the transfer function and impulse

response of a causal LTI system if the input to the system is
x[n]= (~1/3)"uln]

and the output is
y[n]=3(-1)"u[n]+ (1/3)"u[n]

<Sol> 1. The z-transforms of the iInput and output are respectively given by

X = ith ROC 1/3
D=y W 2]
and
Y(2)= 3_1+ 1 —
1+z 1-(1/3)z
4

, with ROC |z|>1 PSPl AR

T A+z)A-(1/3)2Y)



Transfer Function

I
2. We apply Eq.(7.20) the obtain the transfer function:
4(1-(1/3)z7"
H(2) = (_1 (1/3) )_1 |
1+z7)1-(1/3)z7)

3. The impulse response of the system is obtain by finding the inverse z-
transform of H(z). Applying a partial fraction expansion to H(z) yields

2 2
+ ,
1+z1 1-(1/3)z"

4. The impulse response is thus given by

with  ROC |z]|>1

H(z) = with ROC [z|>1

h[n]=2(-1)"u[n]+2@1/3)"u|n]

PSPLAB



Solving Difference Equations with Initial

Conditions

& Differentiation in the z-Domain

nx[n]«= >—z§ZX(z), with  ROCR,  (7.16)

1. Multiplication by nin the time domain corresponds to differentiation with
respect to z and multiplication of the result by — z in the z-domain.

2. This operation does not change the ROC.

= S b= § 2N S



Transfer Function

7.6.1 Relating the Transfer Function and the Difference equation
1. Nth-order difference equation:

gaky[n—k]:ibkx[n—k]

2. The transfer function H(z) is an eigenvalue of the system associated with the
eigenfunction z",

If Xx[n] =z", then the output of an LTI system is y[n] = z"H(z). Substituting x[n
— k] =z"-kH(z) into the difference equation gives the relationship

N M
2"> a2 *H(z)=z") bz
K=0 K=0

Rational transfer

function
3. Transfer function: fb n
_ Y(z) _ k=0 !
H( )_X(Z)_ i . (721)
a7z
ik See page

58!_-:’\IJI AN o

textbook.



Transfer Function

Example 7.14 Finding the Transfer Function and Impulse Response

Determine the transfer function and the impulse response for the causal LTI
system described by the difference equation

y[n]-@/4)y|n-1]- (3/8)y[n —1] = —x[n]+ 2x[n —1]

<Sol.>
1. We obtain the transfer function by applying Eq.(7.21):
-1
H(2) 1+2z

1-(1/4)zt-(3/8)z27
2. The impulse response is found by identifying the inverse z-transform of
H(z). Applying a partial-fraction expansion to H(z) give
—2 1
-1 + -1
1+(1/2)z7 1-(3/4)z

3. The system is causal, so we choose the right-side inverse z-transform for
each term to obtain the following impulse response:

h[n]-2(-1/2)"u[n]+ (3/4)"u[n] PSPLAB

H(z) =




Transfer Function

31
Example 7.15 Finding a Difference-Equation Description

Find the difference-equation description of an LTI system with transfer function
5271 +2z7°
H(z) = 1 2
(1+3z7 +227°)
<Sol.>

1. We rewrite H(z) as a ratio of polynomials in z-1. Dividing both the numerator
and denominator, we obtain

5z +227°
H(z) = 1 2
(1+3z7+227°)
2. Comparing transfer function with Eq.(7.21), we conclude that M =2, N =2, b,

=0,b;=5,b,=2,8,=1, a; =3, and a, = 2. Hence, this system is described by
the difference equation

y[n]+3y[n—1]+ 2y[n — 2] = 5x[n — 1]+ 2x[n — 2]

& Transfer function in pole-zero form:
where c, = zeros; d, = poles; and

S TIM 1 -1
H(z):bH"Zl(l C,Z

_ — (7285521 AR
b=b,/a,=gain factor [L@-d.z™)



Causality and Stability

2. The impulse response of a stable LTI system is absolutely summable and
the DTFT of the impulse response exists.

The ROC must includes the unit circle in the z-plane.

Left-sided inverse _ _
Exponentially decaying term
transform

Pole d, outside the unit circle,i.e., |d, | > 1

Right-sided inverse _ _ _
Exponentially increasing term

transform

Fig. 7.15

¢ Note that a stable impulse response cannot contain any increasing
exponential or sinusoidal terms, since then the impulse response is not
absolutely summable.

¢ LTI system are both stable and causal must have all their poles inside the
unit circle. PDCDI

Fig. 7.16



Causality and Stability

Figure 7.15 (p. 583)
The relationship
between the location
of a pole and the
impulse response
characteristics for a
stable system. (a) A
pole inside the unit
circle contributes a
right-sided term to
the impulse
response. (b) A pole
outside the unit
circle contributes a
left-sided term to the
Impulse response.

Im{z}

A

A\ Re{z}
J’E

z-plane

Im{z}

A

\ Re{z]}
‘/IE

z-plane

(a)

(b)




Causality and Stability

Im{z} h[n]

I | R
< R P LR R
g 2] =1

z-plane

Figure 7.16 (p. 584)
A system that is both stable and causal must have all its poles inside the
unit circle in the z-plane, as illustrated here.

PSPLAB



Causality and Stability
B

7.7.1 Inverse System
1. The impulse response of an inverse system, h'"V[n], satisfies
h™[n]*h[n]=&]n]
where h[n] is the impulse response of the system to be inverted.
2. Taking z-transform: 1

inv _ Il H inv 7) =
H™(2)H(z)=1 e (2) D)
3. If H(z) is written in pole-zero form shown in Eq. (7.23), then

-1 NI -1
iy 2z 11,5 (1-d, z
H™(z) == kh—j_( . )1 (7.24)
& Any system described by a rational transfer function has an inverse system
of this form.

PSPLAB



Causality and Stability

Figure 7.18 (p. 586) Im{z}

A system that has a causal and stable
inverse must have all its poles and
zeros inside the unit circle, as X
illustrated here.
4. H"v(z) is both stable and causal if X ©
all of its poles are inside the unit
circle. Since the poles of H"V(z)
are the zeros of H(z), we conclude
that a stable and causal inverse of
an LTI system H(z) exists if and
only if all the zeros of H(z) are
inside the unit circle. z-plane

Re{z}

|z|=1

5. A system with all its poles and zeros inside the unit circle, as illustrated in
Fig. 7.18, is termed a minimum-phase system.

& The phase response of a minimum-phase system is uniquely determined by =
the magnitude response, and vice versa.



Causality and Stability

<37/

Example 7.18 Stable and Causal Inverse System
An LTI system is described by the difference equation

ﬂﬂ—ym—Q+%ym—2y=4@+%xm—3+%xm—2]
Find the transfer function of the inverse system. Does a stable and causal LTI

Inverse system exist?

<Sol.2. We find the transfer function of the given system by applying Eqg.(7.21) to
obtain
-1 -2
1+327 —32
-2

H(z) =
@) 1-z7"+1z

_ 1-izH@+1iz7)
1-1z7)?
2. The inverse system then has the transfer function
1-1iz71)°

Hinv(z)— PO AR

C(+izhHa+iz?)




Determining the Frequency Response from Poles and

Zeros

Impulse Response for Rational Functions

H(z)= ZB z " +z

Infinite Impulse Reponse (lIR) Systems

The length of the impulse response is infinite.

Finite Impulse Response (FIR) Systems

M—-N N
—— A[nl= D> BSln—rl+ ) Adiuln]

r=0 k=1

How to check ?

The length of the impulse reponse is finite.

Examples
y[ﬂ]—za x[ln—4k]

yinl—avlon—11=x[nl-a“""x[n— M —1]

— S =\ AN !




Determining the Frequency Response
from Poles and Zeros

_
o1 A stable linear time-invariant system
M M
Rational Function > b (1—c,e™™)
H (e’ ) =40 _ [b_oj k=1
N N
Sae M -de ™)
Magnitude Response #=0 =
M . - — Jjo Jo
| . “A‘l_cké,—Ja) o s, 2 ‘];_‘1‘(1_61(6 )(l—c*ke )
‘H(eja)): 0 k;l ‘H(é,]a)) za N— ‘ ’
“I I -dee] I -die Y i-de”)
k=1 k=1
Gain (dB by

M N
4+ z 201og, ‘1 — cke_fw‘ — ZZO log,, ‘1 — a’ke_"a"
k=1 k=1

20 1ogJH<ef“’ )| =201og,,

0

m |7 e™)[=2" is approximately 6m dB, while |7 e H| =107 s
approximately 20m dB

201og,,|¥ (e”)| = 201og,o | (7 )|+ 201og [ X (e™)|

=SS = N =



Determining the Frequency Response
from Poles and Zeros

I
arg[H{e1)
1 Phase Response (c.1) I
LH (™) = -
A M | N | N
4(—OJ+24[1—ck@f”)_24[1_dk6/w) 2 |-
20 k=1 k=1 3

The principal value of the phase is .

denoted as ARG[H(e!")] A~
~n<ARG[H(e™)<n N A
LH (™) = ARG H (™ )+ 27 ()

rlwl
Principal Values = Sum of Individual 1 _ —
M T —
PVs ot ercery - ARG[%) + D ARG[1—ce™ ™) 2t
0 k=1

N
— D ARGl —de ™)+ 27r (@)

B Sau b= § LN =
k=1



Determining the Frequency Response from
Foles and Zeros

1 Phase Distortion and Delay
Observation 1

Delay ‘/Lnear Phase
bﬂ[n1=5[n— <O Hy(e”)=e "

[ Ideal Filters with Causality ?

The Ideal Lowpass Filter with linear phase

L (é,jw)_ — Jony ‘a)‘<a) @ ]] Sma) (1] ]]d)’ o< <o
v O, @ <‘a)‘<7z m(n—n,)

Observation 2-- A narrow band signal s[n]cos(mgn)
= The phase for the ®, can be approximated as £/ (e™ )~ —¢, —wn,

yvinl=sln—n, lcos(w,n— @, —wyn,)

Group Delay-- A measure for the nonlinearity of the phase

Jw _ d Jew
(@) = erd [ H (e”)] = ———{ LH (e”)}

B Sau b= § LN =



Determining the Frequency Response

from Poles and Zeros
—

1 Phase Response
. . d(arctan x) arctan(x + Ax) — arctan x ]
Alternative relation = lim = 1
dx Ax—0 Ax |+ x2

ARG H (e’”)] = arctan[ 2 (612)}
Hyp(e”)

1 Group Delay

Derivative of the continuous phase function

gfd[H(e’“)]=—i{arg[H(ej“’)]}=ﬁi(arg[l—d e ] ﬁi (arg[1—ce™™ 1)
dw ol £ “ do £

=1 @
That is
N 2 _ —Jw M 2 — Jw
ard[ H(e™ )= 4 3 Relde _}. - s 2 Relcue _}~
k:11+‘dk‘ —2Re{d, e 7} k=11+‘0k‘ —2Re{ce™}

Can be obtained from the principle values except at discontinuities.

e A VAN &



Determining the Frequency Response from Poles and
Zeros

71 Single Pole or Zero
The form

A—pz )
The magnitude squared

. J0 —]&)2: . J0 _— . — 0 o _ 2 .
‘1 e’ e ‘ (1l—re”e ™ )Y l—re " )=1+r"—2rcos(w—0)

The log magnitude in dB is
QOloglO‘l re’e _]“" =10log,[1+ 7* — 2rcos(@ — O)]

The phase

. : —0
ARG[I — feﬂe_”"] = arctan rsin( @ )
1—rcos(w— 6)

Group Delay
gfd[l — 1‘6196_]@] =

r’—rcos(w—0)  r>—rcos(w—0)

2 . .12
1+r —ZfCOS(a)—Q) ‘1—1’@ﬂ9@_]a) RO AR




Determining the Frequency Response from Poles and
Zeros

Single Pole or Zero
Group Delay ARG h— re"ge"“’]zarctan[

rsin(w— 0) J

1—rcos(ew—06)

J— J— 2 i 2 J—
grd[l_rejé’e—jw]:_ 1 r cos(w—0) L —r7sin (@ 6’)]

1+ rsin(w—0) 2[1—rcos(a)—9) (L-rcos(w—6))
1—rcos(w—6)

~ (l-rcos(w-0)) rcos(a)—@)(l—rcos(a)—e))+ —r?sin*(w—0)
1+r? —2rcos(w—6) (1-rcos(w—0)Y (1-rcos(w—0))
_ r’—rcos(w-0)

~1+r%-2rcos(w—6)

S = I\ =
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Determining the Frequency Response from Pol
and Zeros

Frequency Responsee for a Single

Lero at 7T

Radians

B3 z-plane
—_— =
— — — r-n.s _2D I J |
x L4 3
[ — I'EU.? 2 Radi o 2x
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Frequency Response for a

Single Zero near

Radians
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Determining the Frequency Response

from Poles and Zeros

% Relationship between the locations of poles and zeros in the z-plane and
the frequency response of the system:

1. Transfer function:
Substituting e!©? for z in H(z)
2. Assume that the ROC includes the unit circle. Substituting z = ei®into Eq.
(7.23) gives

be " [T}," @-c,e )
e IS (1-de )
pe 09 T P (eI —c,)
T4 (€7 —dy)
3. The magnitude of H(e!®) at some fixed value of Q, say, Q,, is defined by
TY°|e ™ —c,)
1_[|l<\|=_1| ejQO _dk)

¢ |ei@.— g| =product term, where g represents either a pole or a zero.

He!*)=

H(e*) = (7.25)

G
H(e*) =

e Y ud VAN o



Determining the Frequency Response

from Poles and Zeros

4. Vector representation of e/ - g: Fig. 7. 19. Im{z}

1) el® =a vector from the origin to e
12 : g =a vector from the origin to
g.

2) We assess the contribution of
each pole and zero to the overall e/
frequency response by examining
lei®.—g| as Q,changes.

Figure 7.19 (p. 589)
Vector interpretation of e/® — g in the z-plane.

PSPLAB



Determining the Frequency Response
from Poles and Zeros

50 |
Im{z}
£ e/ —g |
e/l
g Ejnl
Re{z} : | : —Q
0 Q, &, £; p
lz | =
z-plane
(a) (b)

Figure 7.20 (p. 589)
The quantity |ei© —g| is the length of a vector from g to e€in the z-plane.

(a) Vectors from g to e at several frequencies. (b) The function e —g|.

5. Fig. 7.20(a) depicts the vector |ei®.— g| for several different values e Q=21 A =
while Fig. 7.20(b) depicts |ei®.— g| as a continuous function of frequency.



Determining the Frequency Response

from Poles and Zeros

& If Q = arg{g}, then |ei€ — g| attains its minimum value of 1 — |g| when g is
Inside the unit circle and takes on the value |g| — 1 when g is outside the
unit circle. Hence, if g is close to the unit circle (|g| = 1), then |ei®— (]
becomes very small when Q = arg{g}.

6. If g represents a zero, then |e!? — g| contributes to the numerator of |H(el®)|.
Thus, at frequencies near arg{g}, |H(e!'®)| tends to have a minimum.

7. If g represents a pole, then |e!? — g| contributes to the denominator of |H(e!
Q)|. When |el© — g| decreases, |H(el®?)| increases, with the size of the
increase dependent on how far the pole is from the unit circle.

B Sau b= § LN =



Determining the Frequency Response

from Poles and Zeros
o

Example 7.21 Magnitude Response from Poles and Zeros
Sketch the magnitude response for an LTI system having the transfer function

1+z7*
H(z) = v
(1-0.9 a4 )(1-0.9e “zY)
<Sol.>
The system has a zero at z=- 1 and poles at z=0.9e!™ and z=0.9e-™4as

depicted in Fig.7.23(a). Hence, the magnitude response will be zero at Q==
and will be large at Q =t n/4, because the poles are close to the unit circle.
Figures 7.23 (b)-(d) depict the component of the magnitude response
associated with the zero and each poles. Multiplication of these contributions
gives the overall magnitude response sketched in Fig. 7.23(e).

=SS = N =



Figure 7.23a (p. 592)
Solution for Example 7.21.
(a) Locations of poles and zeros in

Im{z}

the z-plane.

(b) The component of the
magnitude response associated
with a zero is given by the length
of a vector from the zero to e,

Im{z}

e;ﬂ:; e.‘-ﬂj

L2
025 gtz
,E..rnl

|z =1

z-plane

Re{z)

(a)

(b)

z-plane

z}

lei + 1|

p=m, v=0Q

Signals_and_Systems_Simon Haykin & Barry Van Veen

— S =\

2 =



(c)

Figure 7.23a (p. 592)

Solution for Example 7.21.

(c) The component of the magnitude response associated with the pole
at z = e is the inverse of the length of a vector from the pole to e,

— S =\

AN !



Im{z}

Figure 7.23b (p. 593, continued)
(d) The component of the
magnitude response associated
with the pole at

Is the inverse of the length of a
vector from the pole to e€. (e)
The system magnitude response
Is the product of the response in

parts (b)—(d).

Signals_and_Systems_Simon Haykin & Barry Van Veen

- 10
e —— S
Re{z} } t } t t |
Ve Vy v, Vs
(d)
| H(e /)| p=mv=0Q
4 | } €2
-P —p/4 p/4 P
(e)
e S = FAN 3



Determining the Frequency Response

from Poles and Zeros
7
& The phase of |H(e!¥)| may also be evaluated in terms of the phase associated with
each pole and zero.

1. Using Eq.(7.25), we obtain
~ M—-P _ N —I _
arg{ H (")} =arg{b}+ (N -M)Q+ > arg{e’* —c,}— D arg{e’” —d,}
k=1 k=1

2. The phase of H(ei® involves the sum of the phase Im{z}
angles due to each zero minus the phase angle
due to each pole.

o Discussion: see pp. 591-594, textbook. e’
arg{e/** — g}
Figure 7.25 (p. 593) 8 Re{z}
The quantity arg{ei®* — g} is the angle 0
of the vector from g to e with respect
to a horizontal line through g, as Izl =1

shown here.

z-plane



Remarks

Four System Descriptions

Impulse Response I::>{ LTI Systems [——
Difference Equations /

X[n] y[n]

Frequency Response

y[n]=x[n]*h[n] = i hkIx[n—k]

k=—o0
M

Function and System Function) ﬁa yln-k1=Y brln-k]
k
£=0 £=0

Z-Transform ( Transfer

Y(el°)=H(el*)X(el*)
Y(2)=H(2)X(2)

e S =\ AN ¢
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Introduction

z Transform

Unilateral z Transform

Properties Unilateral z Transform
Inversion of Unilateral z Transform

Determining the Frequency Response from Poles and Zeros

e = AN ¢



