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1. Infroduction

Structures <==> Implementation
Interconnection of additions, multiplications, delay.
Approaches

A combination of algebraic manipulations and manipulations
of block diagram representations.

Derive equivalent equivalent structures.
Pondering Questions
Finite Impulse Response

Infinite Impulse Response

Numerical Problems in Implementation
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2. Block Diagram Representation of

LCCDE

~
. a S
Addition >® >
Lo X1[Nn] X1[N] + X5[N] z1
Multiplication x[n] x[n-1]
Delay H(z) = _117 _
Exam Ie l—az —az
e P {? ® Forn]
x{n ] ¥Ln
y[nl = a,y[n-11 + a,y[n-2] +bx[n]
N M O . 3 y[n—1]
y[n]—Zaky[n—](]=Zka[n—[(] j S~
k=1 k=0 M a;
Zbkz_k « I'yin - 2]
H(z)=—=
I—Zakz_k
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2. Block Diagram Representation of
LCCDE (c.1)

Block Diagram 1

Difference Equations

M
v[n]= Zka[H— k]
=0

M .
ylnl= ) bxln—kl+v[n] Me=2lo
kz=0 o
Transfer Function 7~ b
«[n—M] L ¥

M
H(z)=H,[z]1H,[z]= Nl (Zbksz
k=0

1- Z a,z*

k=1

Direct Form |
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2. Block Diagram Representation of
LCCDE (c.2)

Block Diagram 2
Transfer Function
M
H(Z):Hl[Z]Hz[Z]:[Zkak] N1
£=0 1-> az "
k=1

M
wl n]= Zbkw[n— k]
=0

Equations
M
ylnl=> bwln— k]
£=0

Direct Form Il or Canonic Direct Form

wln —~ N]




3. Signal Flow Graph of LCCDE

Signal Flow Graph
A network of directed branches that
& win} bo -
. , .
at nodes. - 7 -
Source nodes ‘ 7~
. a b1
Sink nodes ” .
. wiln]
branch gains wi(n)
Mode k S .
1y}
nnél;;c% l g bp 3 n%de 5
wiln]  wpln]l by wsln) x[n] wln] Deloy yn]
o > o » o - o
x[n] y[n] a by
2—1
= — d b 4
wy[nl=aw,[n—11+ x[ a]

ylnl=bw,[ nl+bw,[n—1]
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4. Basic Structures for IR Systems

1 Signal Flow Graphs

® Direct Form |
® Direct Form Il

Direct Form | Direct Form Il
wln] bo
. | bo v(n] 1[n] B ] i yinl
O —O— - ? ? - z i
x[n] z_1y[ﬁ] 0y b‘l
z™! b, o, { + » —
x[n =11 * qyln -1 ] - )
1 ) z
-1 z 0 b
z | b2 ciz —oyln-2] é - —
x[n-E]‘{— ' ~= ! T [ I
| : ' i | | i
! 1 | | | 1
i ! Gy — |
x[n-w+1]I b'f _ : = —0yln—N-+1] ' Op-1 i By-1 |
1 2! )
B o oyln—N] a
x[n—N] > - d ay PN




4. Basic Structures for IR Systems (c.1)

wy[n] b yy[n] wa[n] y=[n]

Cascade Form

N

by + bz + by z
_ 0k T Oii bk
H(z)=]] I )
i=1 l—ayz +ayz

2

Cascade Structures

Parallel Form

N, N 4
-k 'k
H(z)=2 Ciz"+ 2, =
k=0 il cpz
Ny . -1 wo[n]  ®oz  yp[n]
+Z Bk(i — *) -1 WM -~ vind
SA-diz D -diz ) boae |7
2‘1
azz

L w3£n] eP:, y3£n]
{ ] Sixth-order system
di3 €3
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5. Transposed Forms

Flow Graph Reversal =

o

=> Equivalent | /O Relation

n] bg

2=
a
y[n] »n]
21
& o e
¥[n]
x[n] v[n]

wln] = a,wln — 1] + a;wln — 2] + x[#],
y[n] = bowln] + bywin — 1] + byw[n — 2.

vo[n] = box[n] + v,[r — 1],

yln] = vo[nl

v,[n] = a,¥[n] + b x[n] + vy,[n — 1],
v,[n] = a,y[n]} + bax[n].
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5. Transposed Forms (c.1)

Transposed of Direct Form | L] Transposed of Direct Form |l
by by
0 0 g0 . B 0 S, v
], _, ¥ln] x[n) | y[n]
7 | 4 \ 2_1
l::!:‘] { :1 I:'1

—_———— D

ay- by-1

'y a -
, 0 b, b, 0
— I
l I
l |
| |
| |
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6. Basic Network Structures for FIR Systems

L 2! z™! o 2!
Direct Form NS
M h[C] h[1] h{2] h{M—1] h[M]
ylnl=) bx[n—k] | - "
k=0 < S i
Transposed
= -1 -1 -1
Derived from the direct f N S AL "]
CCISCCIde Form h(M-2] h[2] h(1] h[O]
v [n] . _ ' T ”
H(z)=Y hlnlz™"
k=1
M » . bos boz bom,
=Tt bz ). =L 002) gy
) z-11 A z-1 14 i
by b2 1 bW‘s
" G | P
z—1Y =1 217
ba) baa bowm,




6. Basic Network Structures for FIR Systems
—

-1 Linear Phase FIR Structure

M even for Type | and Il

systems
Al M — n]= Al n]
or

Ll M — n]=—4A[ n]

Consider the following form

M
ylnl= z Al k)x[n— k]
£=0

M/2-1 M
= D hlklx[n—k1+A[M/2)x[n—M/2 D hlklx[n— k]
=0 k=M [2+1
— M/2-1
Z]J[](]X[n k+ Al M/2)x[n— M2+ Z]y[M klx[n— M + k]
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6. Basic Network Structures:

h[M/2 -1] Yh[M/2]

Type | Systems (M is even) yin]

y[n] = {Mflh[k](x[n K]+ x[n—M + k])} +h[M /2]x[n—M /2]

Type lll Systems (M is even)

y[n] = {Mflh[k](x[n —Kk]-x[n—M + k])} +h[M /2]x[n—M /2]

Typell S)j&s/’rﬁlms (M is odd)
y[n]={ Z[J[k](x[n—](]+x[n—M+k])}

=0
Type IV Systems (M is odd) R e
yinl= Zb[k](x[n—k]—X[H_M+k])}
=0

_______ ~
Thim-z1721ThiM-1172]
L T

y(n]



6. Basic Network Structures for FIR Systems (c.2)

The zeros of a linear phase system
Leros occurs in mirror-image pairs.
Ex. z,is a zero and 1/z, also a zero.

Real zeros not on the unit circle occur in reciprocal pairs.
Grouped into a pair of two

Complex zeros occurs in group of four

Ex.
H(z)=a[01(0+2zHA+azt+27%) 24

-
x(1+bz ' +2z ) l+cz ' +dz 2 +cz > +2z7%) \k
23

wherea=(z, +1/2,),b =2Re(zy),
c=—-2Re(z +1/2),d=2+

Z +1/Zl|2



/. Lattice Structures

FIR Lattice

An alternative of the filter structures

The difference equations
eoln]l=é[n]= x[n] h[0] =1
elnl=e,_ [nl-k&_[n—-11, i=12,.,N [N] = -ky
e lnl=—ke, [nl+ée_[(n-1], 1=1,2,.,.N
ylin]l=eyln]

'BD [n] 'En_1 [n] e“ [n]
O— O—— - O—
x[n]
¥
-1 —i -1
z z z .
L - . {ki} is
8o [N)

CANTY il the kK=p drafé&lers



/. Lattice Structures (c.1)

Relation with the impulse reponse

Define the impulse response

n

1, for n=0
hlnl=<—a,, forn=1,2,..,.N.

0, otherwise
:EI.(Z): B / D om ~ :EI'(Z)
A (2) 5 (2) {1 ;ézm z :| and A (z2) _EO(Z) N
Define

A (2)=Ay(2)=1; X(2)=Ey(2z)=Ey(2); A(2)=Axn(2)
Ey(z)=E,(z)=X(z)
E(2)=E, _(2)—k,z'E,_[(2), i=12,..N
E(z2)=—kE, (2)+z'E_(z), i=1,2,..N
Y(z)=Ey(2)
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/. Lattice Structures (c.2)

Recurrence Formula

The coefficientof z™is

VR

ay’ =a, P —ka',, m=12,.(-1)

n 1—m

a, = éz(N), m=1,2,..../V.

7 17
The final set of coefficientsis
aN) = a,,, m=1,2,.,/V.

n

The recursion is repeated for I=1, 2, ...,

of coefficients for A(z)=A(z) is

ik, =a'"’,

7

(7) (7)
(7—=1) _ 317; + kjajim
” 1— &7

-

—

Reflection coefficients
or PARCOR coefficients

J

N, and the final set
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/. Lattice Structures (c.3)

Example

A(2)=0-0.82"H1+0.82H1-0.927H
=1-0.927'+0.6422-0.576z""

ky = a® = 0.576,

a® + kya

2y o =
o = =g = 079518245, —o
(3 {3}
@ =2 1+ k;f‘ = —0.18197491,
T "3

k, = ) = —0.18197491,

(2} (1}
L1 ay’ 4+ kyay
! 1 — k2

k, = a\l' = 0.67275747.

= 0.67275747,




/. Lattice Structures-- All-Pole Lattice

A Lattice System

H(z) = 1/A(z)
ex[n] = x[n],

e, [n)
Stability Test from ki ? }

ei—l[n] = ei[”] + kiéi 1[” - ]]‘ I = -'F\r? (J’-II\'Jr _ 1) °°°°° ls
6] = —kie, [ml+é&_,0n—1], i=N(N—1)... . 1,
vin] = eolnl = é,[nl . A . oL N olnl

1
1-0.92'+0.642%2-0.5762"° I

By [n} ey o [n} E] [n] ré10[”]

H(z)=

Example

[+
xIn] y[n?
21




/. Lattice Structures-- Normalized Lattice

] Equations of a Cell

ex[n] = x[n],

e;_q[n]=eln]+ kié;_([n 1], cs0,
aln) = —ken] + (1 — kDo fn— 11, 0T {
y[n] =eyln] = é,[n]. ';In] D cc:o., — %_1{n]

siné. = &,
cos @, =1— &’

ey _qan] By o0l &, 1n] ey [n]
fa Yo- - - —_— - - Q
x[n] = e, [n] vl
Section Section Section
N No—1 ]
T+ S S— -t —e— —_—— .
EIN[H] -EN_1 [n] E—N_?[ﬂ] -51 inj E{: (n]




/. Lattice Structures-- Lattice Systems with

Poles and Zeros
.

-1 Equations
E(2)=z"A(z")E(2)=2"4 ()Y (2)

—7 -1
~ ~ -\ Z
()= B (o) X (2)=22LE)
A(z)
Y(z) dcziA(z"Y B(z)
H(z)= ->az 4 =
X(Z) =0 A(Z) A(Z)
N N .
B(z)=>.b,z" b,=c,— 2.ca’,
m=0 7=m+1 - Ty
ey_1[n] ey_z[n)
o » ———
x(n] =eyn]
Section Section
N N 1
ey [I'I} Fé’N,1 [n] —EN 2 (n}

Y

v{n]



/. Effects of Coefficient

1 Specification

dB

0.27

0.4n 0.6m
Radian frequency (o)

fa)

Q.87

1,02

1.00 —

Amplitude

a.98

1

0.287

0.307

0.327

| "
0.34n 0.36nm
Radian frequency (w)

{b)

0.387

0.407

G.427

1.02

Amplitude
3

0.99

0.98

L

0.287

0.20x

0.32%

L
0.34r 0.367
Radian frequency (w)

0.38n

0.407

0.42x7

0.99
| H(e)|
| F(e")]

| [H(ei)] < 101,

< (.01 (i.e., — 40 dB),
< 0.01 (te., —40dB).

Quantization

0.37 < < 0.4,

m < 0.29n,

0.41x

<< (0 < T

Amplitude
o
s}
T

0.99 |~

0.e8 I 1

0.347 0.367
Radian frequency (w}

L !
0.287 0.307 0.327

()

0.387

0.407

0.427w

—20

dB
|
-
<}
T

=100 | 1 L

0.47 0.6
Radian frequency («w)

(e}

1.01 |-

1.00

Amplitude

0.99 -

0.98 I I |

0.327 0. 344 0.36n
Radian frequency (w)

0.287 0.30r

{f)

0.38«

0.40w

Q.42n



/. Effects of Coefficient Quantization
—

-1 Analysis from Poles and Zeros

The denominator a N\
Narrow bandwidth Filters

N N °
. —k -1
A(Z)—l—;é?kz —l;[(l_ZjZ ) | . Implementation through
- /= modular structures like

The error of ith pole cascade or parallel forms
Y, Oz, %
Az, => Tina, i=1,2,.,N. V
w1 Oy

OA(2) oz, CA(Z)
Since that oz,

z=z; agk aak z=z
oz, B ZJN &
o1, T
It follows that ‘11_[(21. —z,)
J= ,Ji]
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/. Effects of Coefficient Quantization

z-plane

100 F—- o Redlizable pole positions

)

z-plane

0.5

7-bit

1.0 Qe

Z-piane
© Realizable pole positions

4-bit

0.50

Q.256—

o 0.25 C.60 075  1.00 e

He



8. Effects of Round-off Noise in Digital Filters

lIR Structure
(B+1) bit fixed point

Y= a,yin-il+ > bn K]

9[n]=ZQ[aky[n—i]]+ZQ[ka[n—k]]

Assumption on Noise “TT“T j [ o
e[n] is wide-sense stationary white-noise. N i , ﬁ

A uniform distribution of amplitude. k o I
Noise is uncorrelated with the input. | on _J ’ o |




Quantization
N

For (B + 1)-bit quant;ialiun, we shnweci n Se:rf:rtiun 6.6 that, for rounding,

1 1
-=2"8 ce[n) < 275,
2 2 Fr(f]
m, = 0, A ‘s
-28
ﬂ'z = 2—
# " €
12 S
(a)
for two’s-complement truncation,
p.le)
2_5 _'2 B < f[ﬂ] E u. I
=TT A
" 2—23 Y .
-ﬂ'r — .
12 (b)

PSP LAB



8. Effects of Round-off Noise in Digital Filters (c.1)

Quantization Errors
For (B+1)-bit quantization
_Lloel e[n] < 1o
2 2

For 2’s complement
-2 <¢[n]<0
Autocorrelation sequence
doe[n] = 02 8[n] + .
Total noise
e[n] = eo[n] + erfn] + exln] +esla] +-edln).

2—23
2 2 2 2 2 2 _ 5.
{']'ﬁ — G—f’i'u + Jt‘l +O_{?:\ _|" G-l,;.,’ -+ Jf:'_j 3 12 N

pele)

2—28 1
. 2 A
me :O16e = a A=2-B
12
A A e
-5 5
28 peled
m, 5
. 2—23 1
%= 4
A e

x[x]
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8. Effects of Round-off Noise in Digital Filters (c.2)
_

1 General Form

2B

2 - N
Jf ={M+1 +N)ﬁ . fla) :Zﬂkf[nak] - ¢fnl:
fr—1

LR
Hly = B, Z hepln] = m, Hg_f{ef”).

= -0

Pr(w) = @ pp(el?) = | I (7)),

w

. _I_ 1 ¥ FITANIE
o=y [ Prt@do=ol— [ @) Pdw

o0
2 2
Gf—gez

N=—oc0

hef [n]‘2 Parserval’s relationship.
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8. Effects of Round-off Noise in Digital Filters (c.3)

1 Noise Variance

Py (w) = N

—ZB

\H(elw)\ +(M +1)

[ ¥tk du;a-i—(?m‘—l-l)

—2 B

Z |h[n]1? +(W+1)

n=—r

2B

-2B

(] $ inl
, elnd
| Iy O_‘J)
} | f
RG] | L vy [n]
_J)_h?. n
4[ | “'2[”]
e 07 nle
o } ho # - —0C
&[] r . ¥[nl
| 7l
ﬂ1 b'l
I
Iy b:
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8. Effects of Round-off Noise in Digital Filters — Scaling in

Fixed-Point Implementation

1 The overflow concerns

s o

(welr]l = Z x[n — mlhg[m]) . wg]n]] =1
1 Sufficient condition for
G l
|HJ‘;L-[H]| = Ay S' HI;[.-‘?T“ Koax =~ =
mo—ao Z |.;I,£L[HT]|
- Hence : =—ox
NXgx =~ 7

max[ L g | #71] |

i =—50

|
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Q. Zero-Input Limit Cycles in Fixed-Point

Due to Round-off and Truncation

M= : T
yv[#] = ay|n — 1] + x|~ | < 1. a
$ln] = Qladln — 1]] + x{xn]. [ i

where Q[ ] represents the rounding operation. Let us assume thata = 1/2 = 0,10
and that the input is x[#] = (7/8}5[n] = (0,111)4[a]. Using Eq. (6.120}), we sce thatfor
n=0,3[0] = 7/8 = 0, 111. To obtain §[1]. we multiply $[0] by a, obtaining the result
ay[0] = 0,011100, a 7-bit number that must be rounded to 4 bits. This number, 7/18,
is exactly halfway betwecn the two 4-bit quantization levels 4/8 and 3/8. If we choose i
always to round upward in such cascs, then (0.,011100 rounded to 4 bits is 0,100 = 1/2 ,;



Q. Zero-Input Limit Cycles in Fixed-Point

lllll

2 1 0 1 2 3 4 5 6 7
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Homeworks

1 6.23,6.24d, 6.25, 6.40,
6.42, 6.45

1 2.82,2.85,2.90
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