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O. Intfroduction

Role in Discrete-Time Systems
z-Transformis the discrete-time counterpart of the Laplace transform.

Response of Discrete-Time Systems
If the system
2y[n] + 3y[n-1] + y[n-2] = u[n] + u[n-1] - y[n-2] forn=20,1, 2

The response of the system is excited by an input u[n] and some initial
conditions.

The difference equations are basically algebraic equations, their solutions
can be obtained by direct substitution.

The solution however is not in closed form and is difficult to develop
general properties of the system.

A number of design techniques have been developed in the z-Transform
domain.
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1. The z-Transform

Positive and Negative Time Sequence

A discrete-time signal x[n] = xa[nT], where n is an integer ranging (-
*<n<*), is called a positive-time sequence if x[n]=0 for n < 0; it is
called a negative-time sequence if x[n] = O for n > 0.

We mainly consider the positive-time sequences.

z-Transform Pair Difference with the }

The z-transformis defined as Fourier Transform

X(z2)=Z[x[nll= D x[nlz""

where z is a complex variable, called the z-transform variable.

Example
xn={1,2,57,0,1}; x[n]=(1/2)"u{n}
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1. The z-Transform (c.1)

Example

f[n] = b" for all positive integer k and b is a real or complex number.

(o o]

F(z) = Z f[n]lz " => b"z " Z(bz_l ;

n=0
If ‘bz ‘ < 1 ’rhen the infinity power series converges and
1 y4

F(2) = 1—bz* z—b

The region ‘b‘ < ‘Z‘ is called the region of convergence.

Unit Step Sequence

The unit sequence is defined as [n] 1 forn = 0,1, 2,
ni —=
N O forn<O
The z-Transform is
Exponential Sequence N h 1
z) = z "N =—
e e@ - et

—1

F(z) = i:e""”z_n =
Nn=0
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1. The z-Transform (c.2)

Region of Convergence

For any given sequence, the set of values of z for which the
z-transform converges is called the region of convergence.

Viewpoints

The representation of the complex variable z

Z = rel®
Consider the z-transform

X (rel®) = iolx[n](rej”)_n

Nn=—o0

Convergent Condition

Z|x[n]r‘”| < oo

N=—oo

ROC includes the unit circle
==> Fourier Transform converges

/

\

Convergence of the z-Transform
==> The z-transform and its derivatives

-

must be continuous function of z.
J
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1. The z-Transform (c.3)

Rational Function
P(z)

Q(2)

X(2) = ——

Ex.

x[n] = a"u[n]

Y

xX[n] =

—a"u[—n —1]

TABLE 4.1 SOME COMMON z-TRANSFORM PAIRS

Y

Sequence Transform ROC
1. é[n] 1 All z
1
2. u[n] =, Jz} =1
t
3 —u[—n—13 T |z] <1
4. é[n—m] z " All z except 0 (if m > 0)
or o (if m< Q)
1
5, a"ul[n] pp— |z] = |a]
1
6, —ad"u[—n—1] T |z] < \al
7 et @ )zl > |al
. na"u[n] aA—a 'y z a
. az_l
8. —na"u[—n — 1] T —az 12 lz] <lal
1 — [cos we]z ™!
i 1
9. [cos wonuln] 1—-[2cosmy)z ! +2z72 fal >
) [sin wg]z ™!
10. [sin ewon]uln] - [Zeosodr T +2°2 [z] > 1
1L 1—[rcoswg]z™! I2|
. [r" cos wynuln] 1_[2rcoswglz L + 1z 2 zl=r
s [ sin wy]z~* 2] >
- b7 sin wonluln] 1—[2rcoswglz !+ r2z 72 n=r
a, O<nsN-—1, 1 —a¥z "
13. {0, otherwise 1—az™! = >0
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2. Properties of the Region of
Convergence for the z-Transform

Properties

The ROC is a ring or disk in the z-plane centered at the origin, i.e., 0=z < ‘Z‘ SIS0

The Fourier transform of x[n] converges absolutely if and only if the ROC of the z-transform of x[n]
includes the unit circle.

The ROC cannot contain any poles.

If x[n] is a finite-duration sequence, i.e. a sequence that is zero exceptin a finite
interval —®© </, <1< /N, <O, then the ROC is the entire z-plane except possibly z=0 or z= oo.

If x[n] is a right-sided sequence, i.e. a sequence that is zero for n<N;< ©, the ROC extends outward

from the outermost finite pole in X(z) to z= .

If x[n] is a left-sided sequence, i.e., a sequence that is zero for n>N,>- o0, the ROC extends inward
from the innermost (smallest magnitude) nonzero pole in X(z) to (and possibly including) z=0.

A two-sided sequence is an infinite-duration sequence that is neither right-sided nor left-sided. If x[n] is
a two-sided sequence, the ROC will consist of a ring in the z-plane, bounded on the interior and exterior
by a pole, and, consistent with property 3, not containing any poles.

The ROC must be a connected region.
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2. Properties of the Region of

- Convergence for the z-Transform

0 Example \

ROC is a Ring
=

ROC is the interior of a circle

ROC is the outerior of a circle

4 N
No common ROC case ?

<I> >
-
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e S AN




3. The Inverse z-Transform

Methods E(r) — —2z* +52° +72° —62+3
Direct Division (z) = 22 _7_9
Partial Fraction Expansion

Direct Division

2 -2 -3 4
F(z) = 2972 437 4372 + 373 + 954 21" +32 +3°+37+92
22—2—2)—224+523+22—62+3
flk]={-2,3,0,0,3,3,9,.. 21" +27° + 47°
3°-31"-67+3
3 2
Ex. 3/(z%-z -2) -3 - 3
+
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Inverse z-transform by Power Series

Expansion
N

Examplie 3.11 Inverse Transform by Power
Series Expansion

Consider the z-trar_lsfﬂrm
X(z) =log(l +az”"), |z > lal.

Using the power series expansion for log(1 + x), with |x|] < 1, we obtain

X ¢ qya+l,n,-n
X(Z)=Z( 1) nﬂZ .

n=l|

Therefore,

(_1)ﬂ+1£‘ n>1,
x[n] = n .
0, < 0.
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3. The Inverse z-Transform (c.1)

Partial Fraction Expansion and Jable Lookup

l[a-c.z™ 5 __4_(1—01(2*1)
X (z)="F X(z)=—"
Ja-d,z") DTTa-doz™)
](1 ](1
If M<N qnd ’rhe |E>40|es are all first order
X(z)= i -
a, ;(1 d.z™")

If M>= N and the poles are qII first order, the complete
partial fraction expression can be

M-N N A
X(z)= D Bz +), L A =(1-d.zHX(2)|._,
= S-d.z) :

If X(z) has multiple-order poles and M>= N S
X(z)= ZBZ - Z +>° Cn

/(1/#1(1 d ) m=1(1_d1Z—1)m

1 a" . . POP | AR
— 1-dw) X
Goml—d )" {a’w“” [(1-dw)" X (w )]}M1



3. The Inverse z-Transform (c.2)

I
1 Examples

X (2= 142z +22 142z ' +z7° I TN
— — = B, -
-2t a-tona-z -t 1=z

2 2 2 2
1 ROC:  |4>1
<3
o ROC: 2

0 ROGC: 5 <)<
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4. z-Transform Properties

xi[n] * x2[n]

Initial-value theorem:

x[n]=0, n<0

lim X(z) = x[0]

X1(2)X2(2)

13
- SOME z-TRANSFORM PROPERTIES
o The Initial-Value Theorem Sequence Transform ROC
Let F(z) be the z-transform of f(n) a x[] X(2) R,
positive-time sequence f[n], n = 0, xi[n] X1(2) R:,
1, ?, ..., aNd I.e’r F(z) be a proper [n] Xa(2) R:,
rational function, then ax[n] + bx[n] aX(2) +bXa(2) Contains R;, N Ry,
- x[n — np) 27" X(2) R, except for the possible
f (O) =limF (Z) addition or deletion of
Z—>© the origin or oo
z0x[n] X(z/20) lzol R
) dX(z) .
This follows from F(Z) = nx[n] i Rx.de;c?pt fordthle Possﬂ;le
addition or deletion o
f[O] + f[l] z1+ f[Z] Z2+ ... the origin or oo
x*[n] X*(z%) R
Re{x[n]} %[X(z) + X*(z%)] Contains Ry
Jmix[n]} %[X(z) — X'(z")] Contains R,
x*[-n] X*(1/z%) 1/R,

Contains Ry, N Ry,




4. z-Transform Properties (c.1)

The Final-Value Theorem

Let F(z) be the z-transform of f[n], n=0, 1, 2, ... and let F(z) be a proper rational
and let F(z) be a proper rational function. If every pole of (z-1)F(z) has a
magnitude smaller than 1, then f[k] approaches a constant and

l!im flk] = Iirrl1(z —1DF(2)
Exqmples 3z . z+ 20 . z+1 . (22 —+ 1)(2 — 10)
. (z—D(z+1) (z+09)™ " 3(z? —1D(z+0.9)° z(z +2)
consider f[k] = 2k

proof Z[f[k]l1= F(z) = lim i f[k]z™"

Z{f[k +1]} = z[F(2) - f (0)] = lim Z fk +1z°
(z—-1)F(2) - 2f [0] = lim Z[f[k +1]z — f[k]z ]

As z— >1,theright — hand S|de reducesto (f[N +1]— f[0]).
Im(z—1)F(z)—7[0]= Iim £[N+1]-7(0) o LAD
z—>1 z—>1



5. The Unilateral z-Transform

ECE

-1 Definition
X(2)=Zlx[nll=D x[nlz""

n=0

-1 Time Delay
x[n] & X(z)
Vs
x[n—418 z "X (2)+D x[—nlz""""

n=1

A—1
x[n+ k] ZI'[X(Z)—ZX[H]Z”}
n=0
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6. Solving the Difference Equations

GOCI|S chiminliu@hotmail.com

Solving CC difference equations using Z transform.

Example
2y[n] + 3y[n-1] + y[n-2] = u[n] + u[n-1] - u[n-2]
where u(n) = s(n), y(-1) = -1 and y(-2) = 1.

Exercise

Sz

Find the response of 72NN

y[n+1] - 2y[n] = u[n] and y[n+1] - 2y[n] =u[n+1]  y[-T1]=1
andu[n] = 1, forn =0, 1, 2, ...
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/. Lero-Input Response-- Characteristic

Polynomial

Consider the zero-input response

—3y[-1ly[-21-y[-1]z" _(=3y[-1-y[-2D 2" —y[-1]z
243z +27° 272> +3z+1

YZJ'(Z):

The denominator of Y_,, is called the characteristic polynomial.

The roots of Y

Why the name, "mode" 2

The zero-input response of the system excited by any initial conditions can
always be expressed as

Zit

is called the modes of the system.

zir

: The form of the zero-input
Y, (2)= C3y-1l-y-2Dz° -y[-lz _ &z | kZ | response excited by any

27" +37+1 2+0. 5 z+1 |initial conditions is
The zero-input response is for t>= O completely determined by
Vi (k) =k, (05" +k, (-D" \the modes of the system

The zero-input response is always a linear combination of the two time
functions (-0.5)< and (-1)~.

S = N I\ =



/. Lero-State Response-- Transfer Function

Consider
2y[k] + 3y[k-1] + y[k-2] = u[k] + u[k-1] - u[k-2] The Transfer
If all initial conditions are zero, we Functions
have Theratio of the z transforms
Y(2) = 1+Z_i—2‘i U(2) = 2’ +z2-1 U(2) of the output and input with
2+3z2t+27 22> +3z+1 all initial conditions zero or

Ways to Find Transfer Functions H(zy - Y@

The transfer function is the z transform U (2)
of the impulse response.

The function can be obtained from the .
zero-state response excited by an Thetransfer function of the
input, in particular, step or sinusoidal above example is (z° + z -
functions. 1)/(2z% + 3z +1)

The function can be obtained from the
difference equation description.

y[n]-y[n-1]+2y[n-2]-3y[n-3] = u[n]

initial conditions = Q
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/.1 Poles and Zeros of Proper Transfer
Functions

For a proper rational functions
N (2)

H(z) = D(2)

where N(z) and D(z) are polynomials with real coefficients. If
N(z) and D(z) have no common factors, then the roots of D(z) and
N(z) are respectively the poles and zeros of the system.

examples Y (2) == 3(z + 4) U (2)
Definition 2(z+05)(z+1)

A finite real or complex number A is a pole of H(z) if the
absolute value of H(A ) = *. Itis a zero of H(z) if H(A ) = 0.

Examples

Find the zero-state response of a system with transfer function,
H(z) = (z2+z-1)/(2z° + 3z +1) excited by unit step function.

S = £ =<




/.1 Poles and Zeros of Proper Transfer Functions (c.1)

551(z — 0.9)

[ ) ° H _
Consider the fol(l)cg;flvmg systems (D) = e oaon
H,(z) = :
1(2) (z +0.9)(z - 08+ jO5)(z— 08— jO5) H. (z) — —551(z —11)
0551 : z® —0.72%2 — 055z + 0801
N z® —0.7z° — 055z + 0801 551(z%2 —1.9z + 1)
H5(Z) — —3 >
z> —0.7z° — 055z + 0801
z-1 8
Hz(z) =

z® —0.72° — 055z + 0.801

Positions of

zeros and poles




/.2 Time Responses of Modes and Poles

Remarks

The zero-input response is essentially dictated by the modes; the
zero-state response is essentially dictated by the poles.

Three parts in z-plane
The unit circle
The region outside the unit circle. .
The region inside the unit circle.

Observations
The poles ¢ +- jo or re™ s L
The response r“cos kO or r¥ sink0 -
O determines the frequency of the oscillation. - ~\,

The highest frequency is determined by (-nt /T, t N




/.2 Time Responses of Modes and
Poles(c.1)

ummary

The time response of a pole (mode), simple or repeated, approaches zero as k -->* if and
only if the pole (mode) lies inside the unit circle or its magnitude is smaller than 1.

The time response of a pole (mode) approaches a nonzero constant as k -->* if and only if
the pole is simple and located at the z=1.

Examples
y[k+3] - 1.6 y[k+2] - 0.76y[k+1] - 0.08 y[k] = u [k+2] - 4uk].
Y. [k, H(z), yzs[k] as k -> ¥

Table 5.3 Time responses of poles and modes as k —

Poles or modes Simple (n = 1) Repeated (=2, 3,...)
Inside the unit circle ) 0

Outside the unit circle oo teo

1Az - 1) A constant

1z — %)z - ™))" A sustained oscillation Feo




8 Transfer-Function Representation-- Complete
Characterization

System Description for

LTI systems ?
COHVO'UﬁOh Lk h(k) y[k] U(z) - Y(2)
o =" hik — i]u[i — | H(@)
= hlk
Difference equation 2,k il = H(z)U(2)

Transfer function.

System Connection SUR gy e ~{H(2) )

The transfer function of >1H2(2)
connection can be

easily derived from >(O—H,(2)—T =3 H, (2)——
algebraic manipulation - n ‘
(Hy(2)] <

of transfer functions. Hy(2)|~<—

= AN o4



8 Transfer-Function Representation-- complete

Characterization (c.1)

(Questions

Transfer functions represent the input-output relation when initial conditions are set
fo zeros.

What is the representation of the transfer function for a system

Consider the difference equations

D(z) Y(z) = N(z) U (2] 02 1
Ex. D(z) = (z+0.5)(z-1)(z-2); N(z)= z? - 3z +2 H(z) = (z+05)(z-1)(z-2) z+05

y..[k] = k;(-0.5)¢ + (terms due to the poles of U(z))

Missing Poles

If N(z) and D(z) have common factors, R(z), then the roots of R(z) are modes but
not poles of the system and

{the set of the poles} {the set of the modes}
The root of R(z) are called the missing poles.
Completed Characterization

A system is completed characterized by its transfer function if N(z) and D(z) are
coprime.

S = £ =<
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