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Transform of a Function

QO Some operators transform a function into another
function:
d

Differentiation: — x> =2x, or Dx2=2x

dx .
X

Indefinite Integration: szdx =3t
3
Definite Integration: IO x’dx =9

— A function may have nicer property in the
transformed domain!
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Integral Transform

Q If f(x, y) is a function of two variables, then a definite
integral of / w.r.t. one of the variable leads to a function
of the other variable.

2
Example: J; 2xy’dx =3y°

Q Improper integral of a function defines how integration
can be calculated over an infinite interval:

["K(s.0 (e =1im [ K (s,0) £ (1)
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Laplace Transform

Q Definition: Let fbe a function defined for ¢ > 0, then the
integral

LUOy=] e () de

Is said to be the Laplace transform of 7, provided the
iIntegral converges.

The result of the Laplace transform is a function of s,
usually referred to as F{(s).
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Example: Z{1}

Q By definition:

* —st I P b —st
3(1):[0 e (1)dr =1im | "e™di
e e
= lim = lim =—,
b— S b— S S

0

provided s > 0. The integral diverges for s <0.
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Example: Z{t}

Q By definition: Z(0) :Iow o5 1t

Using integration by parts and apply I'Hospital’s rule to
get lim,__te"=0,s> 0, we have:

[—00

o0

. te_St

A

it} =

+ é Jj e dt
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Example: Z{e}

Q By definition:

ZL{e") = jow e e"dt = jo e STy

—(s—a)t *

—e

S—da
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Example: £}, n e N

Q Similarly, let u = ¢, dv=e>dt,

o0
(e 0]

* _styn t" —s N s n-
Ly = edi=——e| +| —e " dt
0

0
\) 0 \)

=Ll = nn—1) == =12 o

n—1

A \) A

n!
s> 0.

n+l 2

S
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Example: Z{sin 2¢}

Q By definition:

Z{sin 2t} = j: e ™ sin 2t dt = Ysin2t] —j ' cos 2t dt
=gjwe_Stcos2t dt,s>0
g 90
_2 e cos2t‘oo —%jwe‘s’ sin 2¢ dt
s s ‘0
:%—izg{sin%} — Zisin2t}= 22 ,s>0

S S s +4
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Linearity of Z{}

Q For a sum of functions, we can write
[" e laf )+ peoNdi =a[ e f(t)di+ B[ e g(t)d

whenever both integrals converge for s > ¢, where c is
some constant.

Hence,

— Liaf)+pg)}
=aZ{f ()} +BZL{g(t)}
= aF(s)+ BG(s)
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Example: Z{3e* + 2sin’3¢}

Q ZH{3e? + 2sin?3t} = 3L e} + Z{2sin?3¢}
=3/(s —2) + Z{1 — cos 6t}
=3/(s —2) + [1/s —s/(s* + 36)], s > 2.
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Transform of Basic Functions

Q g{l}zl Q ZLHe}= ! ,S>a
s s—a
, n! S
d g{t}: R 7’121,2,3,"' d g{COSkt}: 2 2
s" sT+k
QO Lisinkn=—" Q  Ylcoshkt}=——
s*+k’ st —k?
k

Z{sinh kt} =
D { } SZ _k2
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Existence of Z{f1)}

Q Theorem: If fis piecewise continuous on [0, «), and
that fis of exponential order for t> T, where T'is a
constant, then Z{f(f)} converges.

10
¢\
N

a tl fz f3 b

o

Q Definition: A function fis said to be of exponential
order c if there exists constants ¢, M> 0, and 7> 0
such that |f(7)| < Me“ for all t > T.
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Examples: Exponential Order

Q The functions f{¥) =¢, f(t)= e, and f(f) = 2 cos t are all of
exponential order ¢ =1 for ¢ > 0, since we have

[t <e,|e’|<Lel,|2cost]|<2e.

Me, ¢c>0

1)
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Proof of Existence of Z{f(r)}

Q By the additive interval property of definite integrals,

L) = j OT e £(t)dt + j: e f(dt=1 +1,

The integral /, exists (finite interval, f piecewise
continuous). Now,

11,|< j:| e f(t)|dt <M j: e et dt

—(s—c)t *

e

—M j : e g = M

S—C T §S—C

— [, exists as well - Z{f{(r)} converges.
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Example: Transform of Piecewise f{¢)

Q Evaluate Z{f(¢)} for

Y
0, 0<t<3 o1 .
f(t)=
2, t>3.

Solution: o

L) =[ e fo)dt

0

=["e fyde = (e -0)dr+ [ 2edr

26_3S
= , §>0.

A)

2e—st @

A)

3
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Behavior of F(s) as s —

Q If fis piecewise continuous on [0, «) and of exponential
order for ¢ > T, then lim,_,  Z{f(¢)} = 0.
Proof:
Since f{(¢) is piecewise continuous on 0<¢<T,itis
necessarily bounded on the interval. That is
| D) <M. Also, | (1) < M,e” fort>T. If M denotes
the maximum of {M,, M,} and ¢ denotes the maximum
of {0, 7}, then for s > c:

L)) < j: e | £ dt <M j:’ e e dt

—(s—c)t *
e M
=-M = —> 0 as s > oo.

§S—C 0 §S—C
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Inverse Laplace Transform

Q If F(s) is the Laplace transform of a function f{¢), namely,
f(H)} = F(s), then we say that f{7) is the inverse
Laplace transform of F(s), that is,

f) = ZL{F(s)}
aQ Example:

1 =ZMY1/s}, t=Z{1/s?}, and et = ZH{1/(s + 3)}.
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Examples: Inverse Transforms

Q Evaluate £ 1{1/s°}
Solution:

!
{34l

Q Evaluate £ 1{1/(s* + 7)}
Solution:

gl{ 1 }:%zl{sf;} :%sin«ﬁt
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Linearity of £ 1{}

Q The inverse Laplace transform is also a linear
transform; that is, for constant « and S,

L HaF(s)+BG(s)} =aZL {F(s)}+ BLHG(s)}
Q Example: Evaluate & 1{(-2s + 6) / (s* + 4)}
g_l{—%s+6}:g_l{ ;2s . 26 }
s*+4 s"+4 s +4

el )
s“+4] 2 s°+4

= —2c0Ss 2t + 3sin 2¢
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Example: Partial Fractions (1/2)

a Evaluate

o s°+65+9
(s—D(s—2)(s+4)
Solution:

There exists unique constants A4, B, C such that:

s°+65+9 _ A N B N C
(s—D(s—-2)(s+4) (s—-1) (-2) (s+4)
A -2)(s+4)+B(s-D(s+4)+C(s—1)(s-2)
- (s—=D)(s=2)(s +4)

By comparing terms, we have
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Example: Partial Fractions (2/2)

Partial fractions:
s°+65+9 _ 5 N 2 N 0
(s—D(s=2)(s+4) (s-1 (s-2) (s+4)

Therefore
o s°+65+9
(s—D(s—-2)(s+4)

R EINETEE
5 s—1 6 s—2 30 s+4
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Partial Fraction Decompositions

Q Inverse Laplace transform usually involves partial
fractions decomposition, let P(s) be a polynomial

function with degree less than »:
m Linear factor decomposition:

P(S)_A1+A2++An
(S—a)”_s—a (s—a) = (s—a)"’

where 4,, 4,, ..., A, are constants.
m Quadratic factor decomposition

P(s) _ As+B, A,s+ B,

[(S—a)2 +b2]n - (S—Cl)2+b2 +[(S—a)2 +b2]2 +...

where 4,, ..., A, and By, ..., B, are constants.

+

As+B,

[(s—a)*+b°]" ’
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Transforming a Derivative

Q What is the Laplace transform of /'(¢)?

L Of=] e fdt=e f@ +s] e f )
=—f(O)+sZ{/ ()}
Therefore

()} =sF(s)~ f(0)

— Note that this derivation only works if /'(¢) is a
continuous function
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Derivative Transform Theorem

Q Theorem: If the function f{¢) is continuous and
piecewise smooth for ¢t > 0 and is of exponential order
as t — +wo, so that there exist nonnegative constants A/,
¢, and T such that

f6) < Mee fort>T. /\/

Then Z{f'(¥)} exists for s > ¢, and
Lf(0)}=5F(s)- £(0).

Proof: e
Perform (finite) piece-by-piece
integration of

[e fyr e

0 Piecewise continuous derivative
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General Derivative Transform

Q Theorem: Iff, 1, ..., £ are continuous on [0, «) and
are of exponential order and if /' )(¢) is piecewise
continuous on [0, «), then

L O =5"F(s)=s"" f(0)=s"7 f1(0)=-+-= " 7(0),

where F(s) = Z{f(1)}.
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Solving Linear IVPs (1/2)

Q The Laplace transform of a linear DE with constant
coefficients becomes an algebraic equation in X(s).
That is,

sz{an 4% o 4 aox} = Z{f @)

de" " dr!
becomes
ang{d”x} + anlg{d’”f} 4.t aOg{x} = g{f(t)},
dt” dt”
or
a [s"X(s) — s 1x(0) — s"2x'(0) — ... —x*""1(0)]

+a, [s"7X(s) — s"2x(0) — ... = xU2D(0)]+...+ a,X(s) = F(s)
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Solving Linear IVPs (2/2)

A Given initial conditions x(0) = x,, x'(0) = x,, ..., x"*D(0) = x

we have Z(s)X(s) = I(s) + F(s), or

1 F
x(s) =28 1)
Z(s) Z(s)
transient behavior "‘W—) v steady state behavior

where Z(s)=a "+ a, ;s" '+ ... + a, and
I(s)=(a,s"'+a, s+ .. +a)x0)
+a,s" 2+ a, ;s"3+ ...+ a,)x'(0)
+ ... +a x"1(0).

n—1
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d :
Example: —-+3y=13sin2r, y(0)=6 (1/2)

Q Since dy
g{jt} +3Z{y} =137 {sin 2t},

Ldyldt} =sY(s) — y(0) =sY(s)—6, and
Zsin2t} = 2/(s* + 4), we have

sY(s)—6+3Y(s) = 26

2
S
or
(s+3)Y(s)=6+ 226 ,
s*+4
2
S Y(s) 6 26 65~ +50

T 613) 5130 1d) (543)(s’+4)
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d |
Example: ~,+3y=13sin2t. 5(0)=6 (2/2)

Assume that

6s°+50 A4 +BS+C
(s+3)(s>+4) s+3 s°+4°

we have 4 =8, B=-2, C=6. Therefore

1 S 2
t)=8<" -2<" 37
" {S+3} {S2+4}+ {s2+4}

— y(t) =8e™ —2cos 2t +3sin 2¢
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Example: y"-3y'+2y=e™, y(0)=1, y'(0) =5

a Solution:

d’y dy oy
3{ % }—33{E}+23{y}—3{e }

1

$*Y(5) = 59(0) = ' (0) = 3[sY () = y(O)]+ 2¥ (5) = —

s+2 1
2 T 2
s°=3s+2 (s°-3s5s+2)(s+4)
B s?+6s5+9
(s—D(s—2)(s+4)

Y(s)=

Sy =L Y(s)=——e' + e +—e"

31/69




s-axis Translation Theorem

Q Theorem: If Z{f(¢r)} = F(s) and a is any real number,

then
(1)} = F(s — a).
Proof:

Ll f(O)} =] e e f(t)dr
= j: e f(Hdt, s>a

=F(s—a), s>a.
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Example: Z{e’*’} and ZL{e?'cos 4t}

a Solution:

3!

6
s—s=5 " 4

s (5-5)

'y =L}

Z{e™ cos 4t} = £ {cos 4t}

s—>s—(-2)
B s+2
(s+2)" +16

_ S
s +16

s—>s+2
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Inverse of s-axis Translation

Q The inverse Laplace transform of F(s — a), can be
computed multiplying f(r) = £ 1{F(s)} by e

& HF(s—a)y =< HF(s)| , J=e"f(®)

S—>S—a

Q Example: Compute &' {(2s+5)/(s-3)*}.

Since 25+5 _2S+11
}+1131{12
s—>5—3 S

5

(s —3) s

I g1{2s+11

s—>s—3

—2gL
s—>s-3 S

=2¢e" +11e’t.

2
S

s—>5—3 }
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Example: y" — 6y’ + 9y = f2e’

Q Solve the DE with initial conditions y(0) =2, y'(0) = 17.
) , 2!
s°Y(s) = sy(0) =y (0) = 6(sY (s5) = ¥(0)) +9Y(s) =

(s —3)’
25 +5 2
= > T 5
(s—3)" (s-3)
_ 2s+11

2
S

Y(s)

+S_5

s—>s—3 s—>s—3

} +11¥ 1{12
s—>s—3 S

=2 +11te’ + it“e“.
12

1

A

() =2 1{

S—>S3}

!
s—>s—3 4' S
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Unit Step Function

A The unit step function u(r — a) is defined to be
{0,0ﬁt<a
u(t—a)= :
1, t>a

u(t — a) is often denoted as u (7). Note that u (7) is only
defined on the non-negative axis since the Laplace
transform is only defined on this domain.

8

— 1 -

=
g N
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Rewrite of a Piecewise Function

Q A piecewise defined function can be rewritten in a
compact form using u(z — a).

For example,

g(t), 0<t<a

1= {h(t), t>a

IS the same as f(¥) = g(¢) — g(Hu(t — a) + h(Hu(t — a).

O yi—a)l

> I >
t t
a 37/69




Laplace Transform of u(t —a), a >0

Q By definition,

Flu(t—a)}= J-OO e 'u(t—a)dt =J-aoo e 'dt

0

—St b
. e
= lim| — :
b—0 S
t=a

—a

e

Therefore,

Llu(t—a)}= S (s >0, a>0)

S
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r-axis Translation Theorem

Q Theorem: If F(s) = Z{f(¥)} and a > 0, then
Lt — a)u(t—a)} = e “F(s).

Proof:

joo e f(t—a)u(t—a)dt

0

= [[e ft—apu(t-aydt+ | e f(t-ayu(t—a) dt

= e f(t—a)dt

Let v=1+¢t—a, dv=dt,

L t—aut-a)=[ e f) dv=e"Z{f ()]
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Inverse of ~axis Translation

Q If )= L {F(s)} and a > 0, the inverse form of the ¢
axis translation theorem is:

< MHe “F(s) =f(t—a)u(t—a).

a Example:

0, ift<a

qje " o
‘ {S3}—u(t a)2(t 2 _{%(t—a)z, if t>a
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Alternative Form of -axis Translation

Q For g(Hu(t — a), we can derive an alternative form:
Lle(Ou(t—a)) = j Te M g(t)dt = jow e o (v + a)dy
=e ™ jow eVg(vta)dv=e“ZL{g(t+a)}

> ZL{g(u(t—a)}=e“ZL{g(t+a)}.

Q Example: Since g(t+ x) = cos (t+ 7)) = —cos ¢,

S — 7S
> e .

o Z{costu(t—m)}=e "ZL{—cost}=—
s”+1
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2 2

Y ry= £, WO =5, fy=1  SISF
Example' yore » P |3cost, t>nx
a Note that f{r) = 3cos ¢ u(t — n), we have
LIy + L) =3 Llcos tult— 7)),
5 3 1 | S |
Y _ < .. - ™ —7TS —7TS
8= 2{ s11° Tt et
y()=5e" + [% e ) — % sin(¢ — ) —%cos(t — ﬂ)_u(t — )

=5e¢”" + [i e ) 4 3 sin(z) + % cos(t)}u(t — 7).
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Derivatives of Transforms

Q Theorem: If f{¥) is piecewise continuous and f£(¢) is of
exponential order, then

2o 0) =220} = F o),

Proof:

4 p(s) = % [e fryde = j:% e £ () bt

ds
— j: —e'tf (Ddt =< {— if (f)}
Note:

2= -2 W) - f0 = £ {Fs)]
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nth-Order Derivatives of Transforms

A Theorem: If F(s) = Z{f(r)} and n=12,3..., then
2" f(O)) = (=D —F(S)

Proof:
The proof can be done by mathematical induction.
Here, we only check the 2"-order case.

L f =Ll (1)) = ——3{#(t)} —3{f(t)}

Q Example: Compute <z sin kt}.

d d k 2ks
LAt sin ktt = ——Z{sin kt} = — =
i sm Kty ds { j dS(S2+k2j

(s +k%)°
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Convolution of Two Functions

Q If fand g are piecewise continuous on [0, »), then a
special product, denoted by '+ g, is defined by the
integral

frg=][ f()gt-rdr

and is called the convolution of fand g. The
convolution is a function of z. Note that /'« g=g * f.

aQ Example:

: to, 1 :
e’ *sint = jo e’ sin(t—7)dr =§(—smt—cost+et).

45/69




Convolution Theorem

Q Theorem: If f{r) and g(¢) are piecewise continuous on
[0, ) and of exponential order, then

Lif*gj=LV ()L} = F(s)G(s).
Proof: /

F6)GE) =([[e s | [ e epap)

[ @[ e e prapa.
. Letr= 7+ [, dt = dp, so that
F(s)G(s) = jo“’ e( f f(r)e(t —Z')dl') di=Z{f*g}
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Example: CompUte g{joter Siﬂ(t—l’)dl‘}

a Solution:

g{ﬂ e’ sin(t—r7)dr }: g{et } Z{sint}
1 1 1

To—l 741 (s=1)(s>+1)
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Inverse Form of Convolution

Q Theorem:

ZUF()G(s)j=f*g.

1
.
QO Example {(S2 +k2)2}

Let F(s) = G(s) = 1/(s? + k?),

éZ’“l{(Sz +1k2)2 - = %j‘;sinkrsin k(t—1)d

z,

sin kt — kt cos kt

= 2]162 JZ cos k(27 —t)—coskt|dr =

2k’

T sin 4 sin B = [cos(4 — B) — cos(4 + B)]/2.
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Transforms of Integrals

Q Theorem: The Laplace transform of the integral of a
piecewise continuous function £{¥) of exponential order
IS

3{[; f(r)dr}z Fes)

A)

The inverse form is:

[ f(r)dr = %{F (S)}.

S

(Recall that: Z{f(r)} = sF(s) — f0)).
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Proof of Transform of Integrals

Q Since f(¢) is piecewise continuous, by fundamental
theorem of calculus, if g(¢) = fotﬂr)dr, g(?) is continuous
and g'(r) = f(t) where f{(¢) iIs continuous.

Because f{¥) is of exponential order, there exists
constants M and ¢ such that
g\ <[ |/ (@)dr <M | edr = M e —y<Mee
C C
— g(t) is of exponential order as ¢t — +o.
Thus, Z{f(1)} = Z{g'()} = sL{g(®)} — g(0).
But ¢(0) =0, therefore,

[ ryel=#lg)= T,

A)
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Example: Inverse by Integration

Q Starting with f{¢r) = sin ¢, F(s) = 1/(s*+1) we have:

N -
L1 :J‘smrdrzl—cost,
| s(s”+1) 0

-

| t
S .= | (1-cos7)dr =t—sint,
kSZ(S2 +1) IO( )
3’1; : j>=J’t(r—sinr)a’r:it2—1+cost
ks3(S2+l)) 0 ?
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Integral Equations

a We can use convolution theorem to solve differential
equations as well as “integral equations”.

For example, the Volterra integral equation:

fO=g@+] f@ht-1)dr,

where g(¢) and /(r) are known.
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Example: f(t)=3t> —¢ " - j; f(r)e'"dr.

Q Solution: notice that 4(7) = ¢/. Take the Laplace
transform of each term:

F(S)=3'23— : —F(S)-L
s s+1 s—1
6 6 1 2
=5 -t

The inverse transform then gives:

AH=3F-F+1-2e".
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Series Circuits

A The current in a circuit is governed by the
integrodifferential equation

d;(; ), Ri(t) + % j ;i(r) dr = E(t).

L
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Example: Single-loop LRC Circuit

a Given L =0.1h, R=2Q, C=0.1f, i(0) =0, and
E(t) =120z - 120t%4t - 1), find i(z).
Solution:

Since

dt

o.1ﬂ+2z’+1oj;i(7) dr =120t —120¢%/ (¢ - 1),

and Q{I;i(r) dT}Z I(s)/s , we have

O.ls](s)+2](s)+10@ = 120[%—%es —les}.
S sT s S

1 == 1 e — 1 -e |
s(s+10)"  s(s+10) (s+10)

> I(s) = 1200{
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Example: continued

N 12127 =120t 0<t<l
—127" +12e7°Y —120e 7' —1080(¢ —1)e """, £ 2>1

I
2OIlllIII|||||I||I|||II||||

10 = ~— =
0 4

-10 = -

20 = -

30 = -

0 0.5 1 1.5 2 2.5
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Transform of a Periodic Function

Q If a periodic function f'has period 7, 7> 0, then
At + T)=f(¢r). The Laplace transform of a periodic

function can be obtained by integration over one period.

Q Theorem: If A7) is piecewise continuous on [0, ), of
exponential order, and periodic with period T, then

1

1 . e—ST

LYW= [, " S de
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Proof of Periodic Transform Theorem

Q Proof:

L Wy=], e f@di+[ e 1) d,

let r=u+ T, then the 2" term becomes

| : e f(tydt = : e D £(u+T) du

=T e fu)du=eTL{f (1)}
Therefore
L{ro)=[ e f@ydive {1 (1)}

S L) [ e fwr
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Example: Square-Wave Transform

Q Find the transform of a square-wave.

Solution:
One period of E(¢) can be defined as:
I, 0<r<l
E(t) = E()
0, IS [ < 2 1-—; — —
- I I
g{E(z)}zl o | € @) dt L2 3 4
_p 25
1 ) I —St 2 —St
= — _Ioe -la’tJrJ-1 e -Odt}
1 1-e7 1
l-e* s s(1+e™)
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Example: Periodic Input Voltage (1/3)

Q The DE for i(¢) in a single-loop LR series circuit is
Lﬁ+Ri = E(2).
dt

Determine i(¢¥) when i(0) = 0 and E(¢) is the square-wave
as in the previous example.

Solution:
LsI(s)+ RI(s) = : — > I(s) = VL 1_
s(l1+e™) s(s+R/L) (1+e7)
Since
1 1 S -3

——=l-x+x" - +... >——
1+x l+e

—l-et+e ¥ —e P +...
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Example: Periodic Input Voltage (2/3)

Since 1 _L/R_ L/R
s(s+R/L) s s+R/L’
we have
](s):l(l— : j(l—es+ezs—e3s+---).
R\s s+R/L

By applying the r-axis translation theorem:
i(?) :%(l—u(t—l)+u(t—2)—u(t—3)_|_...)

| R ~R(t-1)/L ~R(t-2)/L
——\e —e u(t—-1)+e u(t—2)—---
R( (¢—1) (1-2) )
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Example: Periodic Input Voltage (3/3)

Therefore

i(t) = %(1 —e ) +%i(—1)”(1 —e *U Yy (t—n).

For example,

2

1.5 -

1 -

0.5

0

fR=1,L=1,and 0 <r<4, we have

I I I [
0 1 2 3 4
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Unit Impulse

Q Quite often, the input to a physical system is a short
period, large magnitude function. This type of function
can be described by

0, 0<it<t,—a y
i 12ad I 2a >
o,(t—t)=9—, t,—ast<t,+a.
2a ; ;
! I - 4
0, t2t0+a l’O_a to t0+a

The function J,(z — ¢,) is called unit impulse because

| S.-t,)de=1.
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Dirac Delta Function

Q Define 5(t—to):li£135a(t—t0). The function &t — ¢,)

Is called Dirac delta function. &¢—t,) is characterized
by:

w, =1,

(i) 5(r—ro>={ |

0, t#t,

(if) | O°° S(t—t,)dt=1
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Transform of &z —¢,)

Q Theorem: For >0, Z{Xt—1t,)} = e™h.
Proof:

6, (t=10) = [t~ (ty =) ~u(t~(t, + )}

1 —s(ty—a) —s(ty+a) sa _ _—sa
g{ga(l'_to)}: |:€ _e :e—sto € e ,
2a

S S 2sa

LS~ 1)} = lim {5, (t—1,)} =€ lim[ ¢ e’ ] —e,

a—0 2SCI

Note that Z{X7)} = 1. &¢) is not a “normal” function since Z{&X#)} — 1 as s — oo.
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Example: Two IVPs (1/2)

Q Solve y"+y=4&t - 2x), with initial conditions
(@) ¥(0)=1,(0)=0, and (b) »(0) =0, y'(0) = 0.

Solution (a):
The Laplace transform is: s2Y(s) — s + Y(s) = 42,

=275
Y(s) = S +4e ’|

s+l sP+1 1
S () =cost+4sin(—2mw(t-27). /A f

-1 + \'_/ 2;'5 ‘\~s f’,’ ZI'TC

COS Z, 0<t<2x

cost+4sint, t>2r

—>y(t)={
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Example: Two IVPs (2/2)

Q Solution (b)

—27s
The Laplace transformis Y(s) = 4f :
s”+1
Therefore,
y(t) = 4sin(t —27)u(t —27)

_{o, 0<t<2r 1 /\ ﬁ

| 4sin t, t>21 17 o o
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Impulse Response

0 Consider a 2"d-order linear system with unit impulse
iInput at r=0:
ax"+a x'+ax=dt), x(0)=0,x"(0)=0.

Applying Laplace transform to the system:

1 1 1)
=W(s) > x(t)=< {Z(S)} = w(t).

a,s’ +a,s+a,  Z(s)

X(s)=

w(?) is the zero-state response of the system to a unit
impulse, therefore, w(¢) is called the impulse response
of the system.
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Linear Dynamic Systems

Q Recall that for a general linear dynamic system, we
have F(s) 1(s)
Z(s) "z (s)

W(s) = 1/Z(s) is called the transfer function of the
system. Note that

X(s)=

x(¢) = i%‘l {W(S)F(S)j} +\£ﬂ {W(s)](s)}.
e N

| zero-state response zero-input response
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