Differential Equations 2019 — Final Exam Solutions.

. (a) Use Laplace transform to solve the IVP: x" + 4x" + 5x = &t — n) + &t — 2 ), x(0) = 0, x'(0) = 2.
(b) Use Laplace transform to find a nontrivial family of solution of x” — 2x" + tx = 0, x(0) = 0.
Hint: sin 4 sin B =[cos(4 — B) — cos(4 + B)]/2.
[Solution]
(a) Transform the D.E. into Laplace domain:
[s°X(s) — sx(0) — x'(0)] + 4sX(s) — x(0) + 5X(s) = e ™ + & 27
[s°X(s) — 2] + 4sX(s) + 5X(s) = e ™ + 2™

X(s) =
(s) (s+2)2+1

e—n(s—z) e—Zn(s—Z)

X(s) = +—— —_—

2 2 2
e+ 1542 s“+1 R sc+1 542
i} —1(s—-2) i —Ts
Since EZ’I{E - } = e?T. Sz?’l{ez— }: e*7 e sin(t — mu(t — 7), we have
se+1 lsos42 se+1llgs42

x(¢) = 2e7? sin(t) + e 2~ sin(t — u(t — ) + e 222 sin(t — 2 2)u(t — 2 7)
=[2-eu(t—m)+e* u(t—2n)] e sint. #
(b) Transform the D.E. into Laplace domain:
—% [s2X(s) — sx(0) — x'(0)] — 2[sX(s) — x(0)] — %X(s) =0.
—[2sX(s) + 52X '(5)] — 25X(s) — X '(s) = 0.
(s> + DX '(s) + 4 sX(s) = 0.

ax(s) _ _4s

_ 2
co =" agds o IX@|=-2n+1)

Xs)=c/s*+ 1) az20 > x@)=aL{I/(s*+1)* = fot sin(t) sin(t — 1) dr.

x(H)= ¢ fot% [cos(2T1 — t) — cos(t)]dt = c (sin(¢) — ¢ cos(?)), ¢ # 0. #
x’1 = X3 + X3
. Find the fundamental matrix ®(7) of the system {x'z = x; + x3 with the initial condition
x'3 S xl + xz

®(0) = I, where I is the identity matrix. Hint: the characteristic equation is (A + 1)X(1—2)=0.
[Solution]

0 1 1
The system matrix A = <1 0 1) and the characteristic eq. is (1 + 1)*(1—2)=0.
1 1 0

1 1 1 1 1 1
ForA=-1,1 1 1|->|0 0 0] Two eigen vectors are (1,0,—1)"and (0, 1, 1),
1 1 1 0 0 O

-2 1 1 1 -2 1
ForA=2,{1 -2 1 ]>/0 1 —1]. Oneeigenvectoris(l,1,1).
1 1 =2 0 0 0
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Therefore, a fundamental matrix of the system is:
et 0 e* 1 0 1
Yit)=| o0 et e2t| and wehave ¥(0)=1| 0 1 1]L
—et —e7t % -1 -1 1
This fundamental matrix does not satisfy the initial condition ®(0) = I. However, any

fundamental matrix is related to ¥ by ® = WYC, where C is some constant matrix.
We must solve for the C matrix such that ®(0) = ¥(0)C = I. That is C = ¥1(0).

2 -1 -1
Since C =P-1(0) = §<—1 2 —1), and ® =PC, ¢(t) =
1 1 1

1

2e b+ et —ett+e? —el4e?
—et +e?t 2et+e? —et+e?t
—et +e?t —et+e?t 2et4e?t
#
. Find the general solution of the differential equation 2x%*" —x)" + (1 + x)y = 0 using the Frobenius’
method. Note: you must solve the recurrence relations to express ¢, as a function of n.
[Solution]
Let y = ¥Xolocnx™, y' = Yo cn(n+ r)x™7 70 y" = E0 gcp(n+ 1) (n+ 1 — ™72,

2x%y"—xy'+ (1 +x)y =

[o¢] [o¢] [ee] [o¢]
Z 2c,(n+r)(n+7r—Dx"1 — Z cp,(n+r)x™" + z Cpx™T + Z cyx™trTl
n=0 n=0 n=0 n=0

=col2rr—1) —r+1x" + X {2n+r)(n+r—-1)—(+7)+ 1]lc, + ¢ Jx™" = 0.
The indicial equationis (r—1)2r—1)=0—>r=1, 1/2.

Cn-1 _ Cn-1 > 1
T T dm+rE—3m+n+1 [+ -12m+r -1 ="

Forr=1,

c. = — Cn-1 — (_1)n c n>1

" Cn+1Dn [3:5:7-Qn+Dn! °" =7
Since 2-4-6...2n = 2"n!, we have

(12"
Ch = mCO , n=>1.
Forr=1/2,
Cn-1 (_1)n
= — = ) 2 1.
‘=T n—-Dn [1-35-C2n-Dn 0"
(_1)7’127’1
Ch = WCO , n=>1.

Therefore, the general solution is:

- (-pn2n
:C n+1 C
Y 0[20(2n+1)!x Tl
n=

o (D2t
; ot~
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2
4. Find a particular solution of the equationi Cclz’ jc
t

+12x = f(¢) using Fourier series, where the

t, 0<t<
driving force is defined by f1(1) = "+ )= £(0) forallt < R,
1-1¢, % <t<l
[Solution]
We have
__2 (12 _1 2 (1/2 1 B B
@ = e At =5, an =5, teos2nmtdt = [(-D)™ —1].

So that

f( ——+Zn 1(:) cos 2nmt.

272

Substituting the assumption
x,(t) = % + Y7_1 A, cos 2 nmt.
Into the differential equation then gives
1 _ % 2.2 _1 o (D1
2Xpt12x, =640 + Ym=14n(12 — n*m*) cos 2 nmt = ot anlwcos 2nmt

(-n"-1
n2m2(12-n2nw?)’

and A, = i, A, =
Thus

1, 1 e (D1
xp(t) = E+;Zn_1—0052nnt. #

=+ n2(12-n2n2)

5. Derive the solution y(x, ), 0 <x <2, t > 0, of the following boundary value problem:

2
2= 4‘;7{ (0, 0) = (2, £) = 0, ¥(x, 0) = (x — 1)> — 1, and y(x, 0) = 0. Note: you must derive the
solution using separable function assumption. You cannot use the wave equation formula to find
the solution.
[Solution]

By separation of variables, substitution of y(x, ) = X(x)7(¢) in yi; =4 yx yields XT" =4X"T for

x" T
all x and ¢. Therefore, assume that <=7 = —A, for some A.

We have a system of ODE that must satisfy y(x, 0) = 0:
X'"+2X=0, X(0)=X2)=0
{ T"+22]T =0, T'0)=0
The first equation has non-trivial solution when A, = n?m?/22, n =1,2,3, ... and
X, (x) =sin(nm/2),n=1, 2, 3, .... Substitute A, into the 2"¢ eq. we have:
T", +n?m?T, =0, T ,(0)=0.
The solution for T, (t) = 4,, cos(nmt), n=1,23, ...

Thus, we havey (x,£) = Xriog Yo (%, ) = Z5=1 Xn ()T, () = =y An sin(=>) cos(nt).
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The boundary condition says: y(x, 0) = X -; An sin(%)= fix), 0 <x<2.
The Fourier transform of f{x) is

A, = fozx(x -2) sin(nzix) dx

2
o2 2 nnx| _r2 2 nmx _r2 . NmX
(= —)x? cos—= , Jy 2x( —)cos——dx Js 2x sin—dx

L o] [

nm

16

COR

(=D"-1

The solution is: y(x,t) = Y=1 <% (G2 1)) sin(%) cos(nmt).



